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CO-ORDINATES. 


and draw three planes through Q, B, S parallel respectively' 
to the co-ordinate planes ; then the point of intersection of* 
these planes will be the point requii’ed. 



If the co-ordinates of P parallel to OX, OY, OZ respec- 
tively be a, b, c, then P is said to be the point (a, b, c). 

3. To determine the position of any point P it is not 
sniEcient merely to know the absolute lengths of the lines 
LP, MP, NP, we must also know the directions in which 
they are drawn. If lines drawn in one direction be con- 
sidered as positive, those drawn in the opposite direction 
must be considered as negative. 

We shall consider that the directions OX, OY, OZ ax® 
positive. 

The whole of space is divided by the co-ordinate planes 
into eight compartments, namely OXYZ, OX'YZ, OKY'Z^ 
OXYZ, OXTZ\ OX'YZ', OXYZ, and OX'YZ'. 

If P be any point in the first compartment, there is it 
point in each of the other compartments whose absolu'to 
distances from the co-ordinate planes are ecjual to those of JP 
and, if P he (a, 6, c) the other points are (- a, b, e), (a, — &, c), 
(a, b, - c), (a, - ft, ~ c), (- a, ft, - c), (- a, - 6, c) and (- 
respectively. 


CO-OEDINATES. 



4. To find the co-ordinates of the 'point which divides the 
straight line joining two given points in a given. ratio. 

^ ^ tlie point which 

divides jPv the given ratio 

Let P be (x^, y^, zf Q be {x^, y^, z^, and R be {x, y, z). 



Draw PL, QM, RP parallel to OZ meeting XO Fin L, M, 
T. Then the points P, Q, R, L, M, N are clearly all in one 
lane, and a line through P parallel to XilT will be in that 
lane, and will therefore meet Qilf, RF, in the points K, H 
ippose, 

rpv PR PR JWj 
KQ, PQ m^ + m^ 

But £P =z^, MQ = e^, FR = s; 


Similarly 


- 4- 

+ TOj ' 

j- in,x,+ mpi. 


•' Wj 4- OTj 

and,.n.n±». 

4- ^2 

When jPQ is divided eternally f is negative. 
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CO-OKDINATES. 


The most useful case is where the line PQ is bisectcii : the 
co-oi'dinates of the point of bisection are 

The above results are true whatever the an/;(hi» iKMwocit 
the co-ordinate axes may be. 

We shall in future consider tfte axes to be mtawjidar in 
all cases eocc^t when the contrary is expressly stated. 

5. To express the distance between two points in terms of 
their co-ordinates. 

Let P be the point («,, w, *,) and Q the p«»int (a;,, y.^, g^). 
Draw throu|[h P and Q planes parallel to the co-onlinate 
planes, forming a parallelepiped whose diagonal is PQ. 



Let the edges PL, LK, KQ be pamllcl resiwrtivuly 
OX, OY, OZ. Then since PL is pei^^ndieukr to the plane 
QKL, the angle PLQ is a right angle, 

.\Pq*^PU + QL* 

-PL*+Iir»+A’-e 

Now PL is the difference of the djstai«« of P and 
from the plane YOZ, so that we have PL and 

similarly for LK and KQ. 

Hence PQ* » _ a;J*+ 

The distance of P from the origin <»n be oWiied from 
the above by putting - 0, y, - 0, - 0, The iwiiilt m 

QP* «»,* + y, * + (ii). 


CO-OUI)INATKH. 
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Ex. J . Tho oo-ordinate* of tho c«ntn) of gravity of tlie tri*iigl« whtmo arigiii.-o 
point* are {-c„ y,, r,), Sa), (ar,. y,. r,) anj J (i, + j 3 + j:»t, | (.Vi * Jfs t 

and } (ri + r-j+rs). 

Ex. 2. Shew that the three linoH joining the middtn point* of opittwita 
> ^Igm of a tetrahcfiroR UMt in a point. Htiew alan that tiiia pcdiit ia on ttt<> 
r line joining any angular ]H>int to the contra of gravity of the optKMitii faeti. 
and dividea that line in tho ratio of 3 : 1. 

Ex. 3. Find tho locua of pointx whieii are eiitiidiataRt from tim t”>htt« 
(1, 2, 8) and (8, 2, - 1). Ah4. ^ - 2i *«, ' 

Ex. 4. Shew that the point (J, 0, |) in the eentro of the m»hwro which 
paaae* through tho four point* (1, 2, 3), (3, 2, - 1), ( - 1, 1, 2j and {1, - 1, - 2), 


(5. Let a, fi, 7 bo the angltm wliicli tin! litio PQ mnkt?^ 
with lines thnntgh P pttrnlici to tho n.xt’s of i'o-orrHmit<*H, 
Then, since in the Hgiire to Art. 5 tho ttiigloa PLQ, PMQ, PaYQ 
are right angles, wo have 

i'Q COK « 03 PZ, 

PQc(m 0 ‘= PM, 
and PQ cos y «■ PN. 

Bqnare and add, then 

PO* [cos’a + cos*^ + eos’7| - PZ* + PM* + PN* - Pf/. 
Hciico C08*a 4- oos^jS + 00**7 >■ 1 . 


Tho cosines of tho angles which a straight Hub makes 
with the iwsitive directions of tho co^fuJinato axes »ro atllwd 
ita directhn-cmineit, and wo shall in fnliire donob; thew* 
cosiues by the letters i, m, n. 

From tho aUivo we tsm that any three direciioiocostiiea 
are wiiteck'd by tho relation r + i>i* + «**« i. If tb' 
direction-cmines of PQ bo /, mt, », it ia easily twien that those 
of QPwill bo-/, -?«, ~r; and it is immab;rial whether H'» 
consider I, m, n, or the mine quantities! with all tho »igi» • 
chaiij|cd, m diroction-cosimj*. 

If we know that a, b, c are pnoportional to tho direction 
cosines of some lino, w« can at once find thrwo din*t'tlon 


cosines. For wo have 

V(P !-»«* + «*) 


I 

« I 

m 


m 

I 




hence each is eqtnd to 






m 


^((? -4 It* 4> P 


Ad 
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CO-ORMNATEB. 


Ex, The direction-cosines of a line are propfiriiwial U* il, -- 1, I'i, find 
their actual values. i'*s* 11* 

7. The projection of a point on any lint' m fin? jiniiit 

where the line is met by a plane throtp^h tin* jii-r.. 

pendicular to the line. Thus, in tlie tn^ Art. 2, Q. If, H 

are the projections of P on the Hnen OX, '0¥, (JZ to- 
spectively. 

The projection of a straight line of iiinitiai hai^lli tm 
another straight line is the leiigtli inbirci'pfeci 
the projections of its extremities, if we biv«^ iiiiy iiiiiiilier iif 
points P, Q, jB, whose projeclioiig on a gtraii^dif. line an* 
p, q, r, 5..., then the projections of PQ, Qli, /W... on thi* 
line, Bxepq, qr,rs.,,. 

In estimating these projections we mmi I he 

same direction as positive tlirougliout, no flint wi.* glmll 
always have pq-^qr+7^s^p.% tlmt is the |irnji>ciimi of 
P8 on any line is equal to the algebraic gimi of fhi-* |ir*|.« 
jections of PQ, QE and E8, Tliis result itiay In* in n 
more general form as follows:— The algcihridit mtm of tho 
projections of any number of sides of a polygon tieginiiing ni 
P and ending at Q is equal to the projection of PQ. 

8, If we have any number of parallel slraighi tlie 
projections of any other line PQ on them are th*- iiiii:‘rcr^pta 
between planes through P and Q perpiimliciilar to tladr " 
directions. These intercepts are ckmriy all ; Iir 5 f«:e ifm 
projections of any line on a mnm of fairmllel utmight iiiies 
are ^1 .equal. And, since the projticfciori of n gfriiighi on 
ap intersecting straight line is fimml by miiiliplysiig in 
length by the cosine of the angle between Ifiu wi: Imvo 
the following proposition : — 

The projectim of a finite etraigM line on niiy tdhr 
strcdgM line is equal to its length muUiplkd %/ ilm comm of 
the angle between the lines. 


length mdiiplmi bg Ilm cmim of 



9. In the figure to Art 2, let UQ^u^OH^k 

for nil {HUfilii im ifie phiu^ 

PMQN, and that y » & for all poitils on thfi jtbint 
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and that for all I'Hniits on tiio piano I^LS3f- Also 

along tlio lino XP wo have a, and y^h; and at the 
point P Wi* have tho tliroe ndationg x == a, // = J ^ = c;. 

8o that, a plaii** in rif’tennlned by one ocpiation, a straight 
line hy tw«> erpiatioiiH, and a point by throe equations. 

In gc*rientl, any Hinglo c^cpiatiou of the form F (cc,y, z) = 0, 
ill wliieh ihe variahloH are ^t,hi» eooirdinates of "*a point^ 
repreHentrt n s^tirfnee of ^;.os^te kind,; two etpiations represent a 
c!irvf% itiid tlirei' eqinitioiiH roprenent one or more points. This 
wi? proetN’.'d to prove. 

10. Li*l tWTi of flit* variables br* absent, so that the 
er|!iatiori of the* siirbie.f* is of t,hi> ftirm F (,F) «= 0, Then the 
i:'(|initioii is erpiivaleitt t»» (.e - n) tr //) (* 1 ? -- .c) = 0, where 

b, c,..- lire the of Fr.?n=^0; hence all the points 

whciw? iivordiimtim Slit i.^ty the eqnalion are on one 

i*r other of the piaum ^ 0, .r b « 0, <3r; — c = 0, 

mm of the viirmhhm be absent, so tlmt tbe equation 
i.8 of the form F[S\ y) « Cl. lii*t P any point in the plane 
wliOHo f*f:er»r«;linaif^s .mitiHfy the ecpiation F(w^y)=0i 
then the enoirdiniiteH of id! pdnis in the line through P 
imrallel to the axi.'H of s, an* the same as those of P, bo far as 
m find y an* rrmeerned ; it therefore follows that all such 
points fin* on the siirfare. Hence the surface represented by 
the e<}iiattoii F(T,y)^il is traced out by a line which is 
iilwnyn p;triilh4 to tln^ of and which moves along the 
c*nr%’if ill the plam^ .r*C| defirind by tbe ec|uation F{x^y) = 0. 
Hiifdi It 8iirlire i« rnllf’-d ii cyIiiMlric*iil or cylinder. 

Nelt iel the eipiiitioti of the mirfmai be F(x,y,z) = 0. 

We have tlmt ii!I for which and y = J 

lie oil II Hfraight liii#* jiarallel lo the fixis of z. Hence, if in 
the i*f jiiatifiii FLr^ i/t « (K pwt, x » e, and y^b, the roots 
of fhe rei^iiltiiig efjtiiititiii in z will give the points in which 
^^the loftw in iiirf by a liiir-f llimugh (a, 6,0) parallel to the axis 
of 5. 

Kiiice the iiiiiiitier of roolii ii finite, the straight line will 
meet the hmit^ in a fiiiili* iinmter ef points, an,4 therefore the 
hieiis, wiiifli Ih the iw^eifibliige cif all Micti pcnkite for different 
vilifies of If itiifi h, iinwt be a mirface and not a solid figure. 
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CO-OIIDINATKS. 


11. The points whose co-orclinates sati.sfv two or|ti.rtfioiis 

mnst be on both the surfaces which those rf*p.r«*A‘iit 

and therefore the locus is the c? 4 rr<g<If‘terinirieii by tin* 

tion of the two surfaces. When three crjiiationH an.* giviat, ii 
have sufficient equations tofiiul the C(>o)rdinateH,;'iIf lioii^ii t her*' 
may be more than one set of values, so that tlirtn* eijiiatiraiv 
represent one or more points. 

12. The position of a point in spacrj can h*.'* dtdlned IfV 
other methods besides the one described in Art. 1. 

Another method is the following: an origin 0 is taken, n 
fixed line 02/ through 0, and a fixed plane XOK Tie* 
position of a point P is completely dctenidio'fl wlien 
distance from the fixed point 0, the angle Z(Jl\ and tin* aie-Je 
between the planes XOZ, and POZ are giv»‘ri. Tlif-*^r r*i- 
ordinates are called Polar Co-ordinates, and ar»* ii>iiatly ii»'- 
noted by the symbols r, 6 and ami I ho jKiint k f‘alled tfie 
point (r, 6, <^). 

If OX be perpendicular to OZ, and O F be pigpen* lien! nr 
to the plane zOX we can expres.s tho rectangular 
of P in terms of its polar co-ordinates. 



Draw PN perpendicular to the plane 1T;F* and A" 
perpendicular to OX, and join OX Then 

oc -= OM = OW cos ^ s» OP sin 0 mn ^ « r iiiii 0 em 
y-MX^OXurn OPmn0mnSmr$mimnS* 
and z = XP = OP cos 0 =» r cos 0, 

We can also express the pkr co-ordinates of iiny mmi i 
terms of the rectangular. The valisei are, 

r = V (P 4* + P)t 0 tan"^ miij ^ f 


Jf 




CffAFTKR rr. 

'I'm: i'l.ANK. 


l.H. Tn hUcw that, the mir/tin- represented ly the general 
equation (•/the jir$l degree is u p lane. 

Tilt' mtmt '4«'nfnil ofthn first degree is 

yf./- + % + 4 /-» = (). 

If (x,. and (.r^, y.^,::p b- aitj- two puinta on tlic locus, 

%Vf; liiiVf! 

A.f\ ! %, i- f', 4- /) ^ (I, 

and /l.r^ -i- /fi/j + f '^Tj 4 - /) = 0 . 


Miiitipiy fheae in order l»y ■ , and — and add; 

‘ 4- ?«, wt, 4- 

then we have 

^ W, + W, .r, y, + OT, + TO, 

1/1 1 'f -b wig -f * ' 

Tiiif4 fAif. 4| flirsf if lti«* jinifttH ij^, z^) be 

till tlif‘ litrii.4^ ^iiiy fitlirr fwiiiil ill t-lir* line joining them is also 
i»ii fli« fbi,^ hh %%% itmt iho locus satisfies Euclid’s 

d* fuiilioii fit xi pi^am 


M. % find fli#* w/ « plmw* 

Li't p h* lliff I«^ii|^lit of lli« |Mfrjioiiiliciilat ON from the 
iirigifi mi till* |i!r4iif% iijpI lei I, wi, n be the clirection-cosines of 
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the perpendicular. Let P be any point on the pliiiit% an 
PL perpendicular on XOYy and LM iierpeudictibr to 



Then the projection of OP on OX is rrjiuil in fli 
of the projections of Oif, ML and LP «ai OS. 

Hence if P be (x, y, z\ we have 

lx 4* wj 4- n:: = /L 

the required equation. 

By comparing the general tHpialion of tJir* > 
with (i), we see that the direction-cosineH of fJir* normal 
plane given by the general ecpiation of llio fmi flegr 
proportional to -4, B, C; and therffore [Art Ci] itre 


4 JJ* + 0^) ' ^ If ^ a^) ^ %/(A f. ff 4- 

Also the perpendicular froui the oriLdii «iii llin ii! 
equal to ^ ^ 

15. To find where tlie planti cr|imtioii m 
Ax By 4 (Jz 4 II ^ fh 

meets the axis of x we must put lionrr 

intercept on the axis of x be a, we have Aei 4 » II. 

Similarly if the intercepts on the ofhor mm iiro h 
we have J564J9-0, and 0c4/>*Ch Ihuro tlio 
of the plane is 

?+f+f.L 

u b c 

This equation can easily be obtained intkqx’iHkiitly, 
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Tu nuil the etimxiitm- t*/ the pltnm tlrrumjh thnr fjhrn 

jMintSt 

Li*t tlii* liMinf.H }|M f.r y - ; <",r ?/ - * n j V 
The geiii'ml ec|Matii*u <if a iilaai- 

Aj* 4' itp 4‘ 4" ft ■•:x. (K 

II the thrfe* ar»’ Mti ?hi,H jilaie% m*r’ have 

-l.rj 4^ !Ui^ 4‘ 4^ ih 

-■Tr^ -e 4 'K I) r- O, 

ami .hr^ 4.-. 4. 4. /> , . 11, 

Llnriiiiatiriif 4!, //, It frMia Ihyr we 

have fi^r tie' fi*s|yif4ii »'f|na.liMii 

4. , 4 / , : , I 

* >'h ♦ I » ^ 

4' , 'M . 4 . I 

^^4 . /K , , I i 

1/. ^ If #S ‘k:,. 0 ;-||4 S' -■■ ■ tl hi* t,jje «^*jilHtiri|m fif fwn j'lhiur’l, 

S’^^kS ■••■■ IJ wall he th^ ifeiie-ral *4jtiafiMii nf a |flafii* l}ir«>ii|fti 
*liey iiiti’f a*!!, h*'<r* ♦S iiiel »S ai4» |.tfjti|| nf ilnit |ii^?if, 

degree, He ale, in »V- aiei hi*iiee *S ■ kS' . I) rejm^«.eril.fi 

♦1^ }>hili*% J^he i^laiii:-' fhr*a|gh all }»f*iiila reiitnien t«i 

*S ® II fiiici S^ 11, l*>*r if lh«.^ «,f jiii^* I'N'iiiit i^iatinfV 

S & Cl iiiicl ro».eriiiiiate*4 Will aiw i*af,tj4\ S A.»V\ 

Ifeiice, f4.iri«' i*% af14fran% *S* - ii i.^ the geiieriil 

i'^|tiatie|i fii a |ilrj|ie f.hreiieii th*^ interna 'el jell nf fji** 
lih'iiien, 

I ,/e ft lid ihe ih*ti theee we'i?! /iriee f,| 

f (» a* y if m luie e/ 1 1 « iefMfrii rm , 

Let file r*'in;%ty:»Uh «if f.la* |ihi|t4H |#% 

tjj- -f % r4 a 4 ■..> 11 , . , , , , ^ ^ ^ , f 1 

« 4r 4-: l/y #f &>n /li ; 

»«m 1 fT> 4-‘ -f- r’> 4= d" ■«> f| , t iii^. 

The f4|!iafi#i|i ef «i*y jilanr ttifeiigh the hte^ *4 ,*ii«r|.;rt ft.in 
i4* (ij iiiel (n, k ef’ihr hirm 

f« 4- % *4 a tlj -f a- l/y 4 . y|'“| 
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If the three planes have a cornmoii line of wo 

can, by properly choosing X, make (iv) ri-prrm'iit tlio mim^ 
plane as (iii). Hence correspoiniin-g imihi lie 

proportional, so that 

a + \a' Xo _ d •!* Xd 

““ 

Put each fraction equal to — /t, then we !i:u i- 
a + Xa -f = (); 

6+X// + /ir ={), 
c 4- Xo' 4" fiG* 0, 
and d 4 Xd! 4 tJ^dd s f). 


namely 


d 

- 4 Xd> 4 pa 

r=-(). 


. and 

p we hat 

'c the iV’fjiiin'il 

rriiidilioii^^ 

a , 

h , c , 

d \ =:(). 


a' , 

U , c , 

(/■ ! 


a" , 

b\ c\ 

d" \ 

• 


the notation indicating that each of the frair det«*rriiiroiiif >o ii}i- 
tained by omitting one of the vertical cohuiiii.s, k /.err*.* 


19. We can shew, exactly m In Cmivn, Art ill thiit if" 
Aco + By + Cz+ D =sii) be the equation of a piane, and : 
be the co-ordinates of any point, then 4 By 4 4 

will be positive for all points on one sidci of liie {ilaiie,. atol 
negative for all points on the other side. 


20. To find the perf)endicidar dhititim if a yima jmmt 
from a given plane. 

Let the equation of the given plan*i Im 
lx 4- my 4 a p 

and let y\ / be the co-ordinates of the givmi |ioiiit. it Tlwf 
equation 

Za? 4 4 4ii I 

is the equation of a plane parallel to the given |iliiiie* 

It will pass through the point {pi, y\ i) if 

fe'4my 4n«'«|/. 

^ It is easy to shew that thtre ar« o«!y tmtt »» **1 

geometncally obvious, for if the planes liavt Iwn in mmm m th>n 

must have a oommoa Hue of iutorseotioa. 


THK i»I.AKF.. 




Now if PL 1h.‘ t!if jn*r)»i.‘ii4i<!nl;tr friiiit /* on tho plitiii' U/, 
aii<i tho jirrprndioularH fruin iLi' origin mi thi- jilntioa 

fi^ aiicl (ii,; ri'^:.p»'ofivf'ly, th* n will 

LP: XX 

- L r p , 

- l.r r -f — p, 

,!{eii«v tlir Iru-fli “f t!i*' iVoiii ,miiy |«#iiif. on 

till* piuiit' Lr "f ■'?'■■ /.r;r "■■■'/# -• i-'H ‘-thfaiiiod liy MibHl.if iiiiitg tiro 
oi-or*iiuaii%H of tho poinf m tla' o>.pro.4sit*i4 Lr. i m^j I ;i.? /o 
If thr* i''«|iJafion ‘4' tio' j4;ino .j.r 4 /li/ !• tlr r /i ii 
laiiv l)f’ writ loll 

A , // P 

^ /r f-ro'' * m /f 


\vliit4i if^ of flio -aim’ t»aiii ii: thorrlor- t}|o I#iigili of tli*' 
|«'rjw:'ii»!ii’al;ir from f,/, plaiio i.:^ 

,vl j * r -4. f 'z -f // 

1, '.t^ /f 4.f;F ^ 

;i!t. I. fnA *'4 FJ. Ii - l| la il^r 

fliia** ‘h’ •■ l.v - #/ '-o. Ilf L/ » 'h " I ‘I « 

"i, f in4 lit' ?4 Ih*^ tta» oflf^ift iif<4 

Ii*;; '(4 ir>*- la'j -■ 1% ? y..? r *%.-■.■ *'i nir-l II.?- ;*i/ *1? 7 ’ <4 

J«4, ->■ ri, 

J/l. ^i. li« ihir.'A S, ;o. , . 3,;, ^ ^ ^ 1^ yi^ 

T’.f •’»' ’ I in H 

r.i, I, I'ii* w lisii ll-.r . ii.-f |/t# f 1 # “ V, 

;.n4 4r fj|i ^"4 I ifi ^ 

Kt, i, li<*. !■■ -If ■-■ I, ■ Ii ■ F y l|, 1 4, 4, I uIj, t 

I i I* 41 o*- f.i* ft I nmr. 

la Al«' Ii 4 3» *ts4 7, 4, '■■ i* r»ii 4'«c-. «#i#ir *,.t #/|f|*.3a<" 

o4* f! f If'*' I 7‘i *>f 4 >i ■ 

la # Ilfi%i llsr- |«<5. #4a ^'4 v- 4 Hi %ii4 «4 4 |rfaf%f,| 

In f#i %u* I ivn*- ’’f n *¥f * 1 * -Hjn-'l ^4^ ^4 it. 

t'itf ^ isn4| ^|»sr u’>«|-|Ss»; .t s,a m l4*' | Ffwrl !|»« |fr|%*4 '| 

l|,r J« - 1 , 4 ^ *K ,f # - t ’i s |.r ‘-P.. 
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Ex. 9. The locus of a point, whoso cliitaiiceB frorfi l« 

in a constant ratio, is a piano. 

Ex. 10. The locus of a point, whidi nmvenm lli.il lti« 
from any number of fixed planes is coiiitaiit, is a 

21. The co-ordinatcB of any point on tin* 
of two planes will satisfy the e(|natiim of eacii 
Hence any two equations of the first clegre 
straight line. We can find tlie equations of n 
their simplest form in the following 



Let PQ be the straight line, pq its projeetiou 
XOY by lines parallel to OZ. Thon tlie co*ordi 
of any point in PQ are the same the Cfo-oniii 
of its projection in pq. 

Hence if l be the equation of 

nates of any point on PQ will satisfy f he i^q!inti«; 

Im + my » 1. 

Similarly, if the equation of the proj«?r.fiofi c 
-pp-sr®* 1, the co-ordiniiies of i 
PQ will satisfy the equation a^-f- jis « L I Iifiieii t 
of the line may be written 

w/z + iw"!. 

It should be noticed that the i*c|iiatioiii of u i 
contain four independent conufanli. 





1 


THE STHAHHfT LKN'E. 


15 


22. Let (% j) be any {'iuint A on a Iiie% fiipl 

(x^ y, z) any other point P on the Iiii#% at a. hi'-tanee e from 
{%0f'y)l ‘Hid h‘t /, n he the ilirecrtionn'ornne^ of ihe ll|il^ 

OL. 


Draw tliroiigh A and /^p!;«nr i paralh'I fo the* rrr«oi"diiint.e 
plani'H *HO a-H to a paralhdi^pijeoi, and let J P, /,M, Mi* 

be e(%eH of tbiH paralto|upipi'?| parailol tn llm i^f 
resfmctivfdy* Then AL in the projoelion of Ai* r»it ttie mh 
i}{ x; tbereibre 


' ir, or 


I 


i\ atel 


'7 


We have nimilnrly 

" y A 

rn n 

liiTiee till! ei|iiat ioini of ihe liia? are 

ar - a f « - y 

I m- li 

Bi. I. To fliiil in 1 mmmHtlml f am Ihti o|enia*ii« nf ||i« lifip $4 iiil^r. 
iielicift of till! fi.x ■■■ 4^ .■> U'Arr^f^'i 

Thw iii#y ..i . ' r lit« 4 i»rpl(<»») 

I n 

ectfaiii-'i mm uupmiimnl |o I. fo 3, Tb© n1 tliftraiNfi 

coiiiirn art lfp<r#"fon* |vtf* 

Ei. % ¥m4 iii » iyii'iifwlfiml t<mn ibw *4 ili« t *i>/ -- 

to+f - l£s. (h 4m0. 1 1 f }\i Y . 

El-. II* Fiii<l Ilf® of' ||w it# 




4 m, 


Vi* V«%di 


Ei* I. Writ# f|c»»a Ili« r»f ib# lln® flw. 

(% $1 4| wiilili i« iii®lltipi| i« iii» i y f I 


16 


THE STRAIUIIT EINE. 


23. To find the equations of a straight lint thrwtfjh tim 
given points. 

Let the co-ordinate.? of the two given jtnintH Ali 1« 

y , « and x,, y^,z^\ and let the co-ordiiuikw <jf any P'.ijit T 
on the line AB be x, y, z. Then the ratio of tin' projoi'lioii.x 
of udPand AB on any a.xi.s Ls etpia! to AB : A H. H< nc(; 
the equations of the line are 

Vi 

24. To find the angle between inm slrmjhi lim\n whum 
direction-cosines arTgwen, 

Let I, m, n and l\ m', n be the the 

two lines, and let 9 be the angle hetwi;eii tlifiiL 

Let P,Q be any two points on the first iiiio. 

Draw planes through P, Q parallel ki flm eTi«*irdiiinl4i 
planes, and let PP, LM, MQ bo odgeB of tin* piiriillidopi ptsi 
so formed. Then the projection of '/t^ on tho Ki'cniid iiii« ii 
equal to the sum of the projections of PL, X J/, iiricl l/y on 
that line. 


a; 




Hence FQ cos 0^PL,r^L il . + MQ . 

But PPt=i.P<3> LM^m*PQ, md 
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therefore cos Q ~ VI mrnl + nn\ 

If the lines are at right angles we have 

W + mm' + — 0 . 

If L, M, N are proportional to the direction-cosines of a 
line, the actual direction-cosines will be 

L M F 

Hence the angle between two lines whose direction-cosines 
ire proportional to X, My N and Z' M'y F respectively is 
LL' + MM' FF' 

V + N'^) V {L'‘^ + M'-^ + lsl'y . ' 

The conditioa of perpendicularity is as before I 

LL' + MM' + m'=Q. '■ 


Ex. 1. Shew that the lines j = -^ =-j&r® at right angles. 

Ex. 2. Shew that the line 4z=:Zy^ - z is perpendicular to the line 
x= ~^ = -4^;. 


£C % CO ?/ 

Ex. 3. Eind the angle between the lines ~ j = - and - = = g . 


= 0 : 


Am, 008 ““^ 

=a; + ?/-2a-3, and " 


Ex. 4. Shew that the lines Zx+2y-\-z-5~ 
a? - 4^ - 4z = 0 = 7a; + IQy - 8z are at right angles. 

Ex. 0 . Find the acute angle between the lines whose direction-cosines are 
/3 1 V3 T 1 


Ans. 60®. 


Ex. 6. Shew that the straight lines whoso direction-cosines are given by 
le equations 2l + 2m-n=0y and mn+nl-\-bii=0 are at right angles. 

Eliminating 2, we have 27 nn-{m + n) {2m-n)~0y or 2ni--mn’-n^ = 0. 
lenee,* if the direction-cosines of the two lines be Zj, wq, and Zgi wo 

Similarly —•= -i. Hence the condition 
•%H 2 = 0 is satisfied. 

Ex. 7. Find the angle between the two lines whose direction-cosines are ^ 
ven by the equations 2 4- w -l- w. = 0, - n*^ = 0. Am. 60® . 

Ex. 8. Find the equations of the straight lines which bisect the angles 

Jtween the lines f = ^ ~ , and ~ . 

I m n V m n 

Let P, Q be two points, one on each line, such tliat OP Then 

te co-ordinates of P are 2r, mr, wr^ and of Q are 2V, mV, nV; hence the eo- 
dinates of the middle point of PQ are J (2 •+• V) ryji(m+ mf) r, J (n + n') r. Since 

S.S.O. 2 
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the middle point is on the bisector, the required equations are 
Similarly the equations of the bisector of the 

i-fZ' m+m! n+n\ 

supplementaiy angle are . 

25. By the preceding Article 

cos 6 + mm + nn ; 

therefore; sin^ ^ = 1 — {IV + mm! nn'Y 

■ = {l^ + + n^) (V^ -f + n'^) 

— {IV -f mm 4* nny ; 

therefore sin ^ = V { (pn ~ m'ny + (nV — n'lf + {hn' — 

26. To find t he an gle between two pla nes whose equations 
are given. 

The angle between two planes is clearly equal to the 
angle between two lines perpendicular to them. Now we 
have seen [Art. 14] that the direction-cosines of the normal 
to the plane 

Ax 4- By 4 Os; 4 = 0, 

are proportional to A, B, G. Hence by Article 24 the angle 
between the planes whose equations are 

Ax-\-By Cz 4 = 0, 

A-aKbB' + OG' 


IS 


cos 


j 


^/(A‘ + B^+ 0*)^ (:A'^+ B^ + C'“) ■ 




Ex. 1. Find the equation of the plane containing the line ar + ?y -f « as 1 
2x+Sy-i-4.z— 5, and perpendicular to the plane a; - ^ -f « = 0. * 

Am, X- z+2s:0, 

. 1 planes ai + 2/ + ^ == ^, a? - 2 w ~ js s= 4 cut f Is the 

■ongmin the acute angle or in the obtuse? Is the point (1, -B 1) in the 
acute angle or in the obtuse ? Am. cos-i| obtuse. 

. the equation of the plane through (1, 4, 8) perpendicular 

to the ]toe of intersection of the planes 3a; + 4y + 72 -f 4 = 0, and ic - + 22 4- 3 = 0 * 
also of the pkne through (3, 1, ~1) perpendicular to the line of interHcction 

of the planes 3a;+2/-2 = 0, 5x-3y+22=a. 

Am, 15a; +2/ -72 -42-0. Am. a4lly+142«0. 
Ex. 4. Shew that the line ^ ~ is parallel to the plane 

Ix+my +nz + 2 )= 0 if ix+m/z+nv =0, the axes being rectangular or oblique. 
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27. To find the perpendicular distance of a ffiven point 
^om a given straight line. 

Let tlie equations of the line be 

I 771 71 



Let ifigjt) be the given point P, and let TQ l>c tlic per- 
ndicular from P on the line. 

Let A be the point (a, /?, y), and draw through A and P 
ines parallel to the co-ordinate planes so as to form a 
rallelopiped of which AL, LM, MF are edges parallel to 
it axes. 

Then AQ is the projection of AF on the given line, and 
jqual to the sum of the projections of AL, LM, and ifP; 
before AQ^ (/-- a) i -h (g — /3) m, -f {fi — 7) 71 . 

Hence PCfi ^ AP^ -- ACf 

m (// - / 3 } -f - » {h ~ 7)}*, 

28. To find the condition that two lines may intersect. 

Let the equations of the lines be 

^ .y-zS ^ g -7 <e-a-' _ y-^' „ s -fi 

I m 11 ’ U m' n! 

If the lines intersect they will lie on a plane ; and, since 
j)lane passes through (a, /S, 7), wo may take for its 
ation 

X(a!-a) +/x(y-,Q) + i/(2r-7) = 0 (i). 







. ? » 
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The point (a, /S', 7 ') is on the plane, hence we liave 

X (a! - a) + /a (/S' - /8) + 1/ (7 - 7) = 0 (n). 

Also, since the normal to the plane is perj.emhcnlar to 
both lines, we have 

Xl + fjLm 

and + fJ'Tyi'' 4- vn = 0 * ( t 

Eliminating X, /a, i/ from the CMjnations (ii), (iii) and ih } 
we have the required condition, nanudy 


a -a, 7-7 

Z , wz , 

V , w , //' 


ih 


If this condition be satisfied, by idiminafing X, /x, p lr»#ia 
(i), (iv), (iii), we find for the equation of the |dani* throijgli 
straight lines 


Z, m, , 
1/ , in' , 


■ i). 


n 


11 


If the equations of the lines be oy/; f /q// 4 - “ ii, 
+ % + V + = 0, and a^x 4 h^j + c/ 4 c/ C). % 

+ <?^- 2 ?q- fZ^ — O, the condition of intorHoction of the linoH m thr 
condition that the four planes may have a coinniou pf«iii! 
which is found at once by eliminating m, y, 


29 . To find the portent dktance bctmeen itm 
lines whose eqiuitiom are given. 

TuBi AKB and OLD bo the given straight aiai liq, 
KL be a line which is ptirpendictilar to both. Tlioii KL in 
the shortest distance between the given liiieii, for it in tlie 
projection of the lino joining any oilier two puinti uii tin* 
given lines h 

Let the («|uations of thu^giveu linen Im:i 
x — a _ y — h _ -2: — c x ^ ^ — // ; « d 

I m, n ' ^ ' r III fi' 


1 We can find KL by the followitig eeiiiirnetieii -ilruw llirntiMh 4 
parallel to Cl); let Ap be perpendienkr to the plftfii* liM//, mid 1*1 fit?, 
plane PAB cut CD in L ; then if LK be drawn |mr#illri l<# i*A It %lil lii« 
line required. 
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Let tliG eqiiatieiiH of tlo? lioK* <.>n wliirh t!ii» 
ilistaiice lies be 

y 7 

X /i. 4' 


.ri). 


Since tlie lirif* (i) ioitHh the 

_ej'iviai line**:^ we !ia.'V 

V ; \it. ‘2H| 


j a — Oj /:? 

//, 7 — c . --■■■- Cl 



1 if Ul 

» O- 1 



X , /.A 

, 1 


and : 

^ ^ ^ j 

f/. 7“ '■' . " 

.jiiip 

! 

r , ra 

, tl 


i 

\ , /i 

1 


Since (i) in periHiiiflicul’tr to 

tin’ !in*'*e w*; 



ancl 

t!'K,!ri:fr)re 


Xl 4- /AW -h ■ 

Xr 4 “ /aw" -t le/ i} i 
X p. 

//ra’ >»“ /#/! !m* »-’ / Oi 


ilorice, from (ii^ afel ^iii;» i.ve ihat /I, wliirti in 
ail arhitrury pinut oit thi? 14 nii f.lir* lw«i 

phuios 


anti 


jj — If 2 - C 

I , m , n. 

j rnn mn^ n!> 1 //, /w' Tai, 

I X « «; ^ 4’, ^ 

j I' j , H 

! wh/ “* iiibe '^r — fw' tm 


ri H 


TIn?ne planes tlii’r«4br«* in llni liin* «iri ivbirti ||ie 

f^hcnicHt ili«trinf.:e lie#i* 

We am firnl flie of thf* #i|pirli'-H|. «li^|fii|f;f’ fifim t jn* 

fiiet tbafc it in tfiii projecticni of fcJio lino jmukk^ tfo* 

(«, c) iiiwl (ab //, cj* Ntm tlio projeeiiiiii of iIim lino wii tt*o 
Mini wlioKo dimiibjtu-mmMm ure X, ft, p m 

(a — ii) X “p (i “«• ft') fi 4* (e r*"/ 
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THE STRAIGHT LINE. 


But as above 

X _ _ V . 

'rti'd — win 'nl' — ~~ ^ ^ 


therefore each fraction is equal to 



— mny + (nl' — n I'f 4 - (lin' ~ I my] 

Hence the length of the shortest distance is 

(g — a') {mn — mn) + (6 — h')(nl' — nl) + (c — c)(l7nf — I' on) 

a/ [{mn — m'ny + {nl' — n'Vj^ + {lin' — VmY] 


Ex. 1. Eind the perpendicular distance of an angular point of a cube 
from a diagonal wliich does not pass through that angular point. 

-•Vi- 


Ex. 2. How far is the point (4, 1, 1) from the line of intersection of 

/27 

x-2y-z=i7 A7is. jg" 


Ex. 3. Shew that the two lines a? - 2 = 2?/ - C = 3^, 4a; - 11 = 4?/ - IS = 3s 
meet in a point, and that the equation of the plane on which they lie ia 
2a? - 6?/ + 3s -f 14 = 0. 

Ex. 4. Eind the equation of the plane through the point (a', p', y'), and 
through the line whose equations are — p = . 


Am. 


-a, 2/-/9, z-y 
-o, y-7 

I ^ VI f n 


:0, 


Ex. 5. The shortest distances between the diagonal of a rectangular 
paraUelopiped and the edges which it does not meet are 
be evL ah 

V(^”''+cV V{a^Tc^)^ + 

where a, &, e are the lengths of the edges. 


Ex. 6. Eind the shortest distance between the straight linos 
i (a; - 1) =i {?/ - 2) =i:~ 3, and ^ - Twa; = x^ssO. 

5m -10 

?7Pw»™iiirFi7j' 

Ex. 7. Determine the length of the shortest distance between the lines 
4i» = By = - 2 ? and 3 (a; - 1) = - ^ - 2 = ~ 4^ + 2. Eind the equations of the 
straight line of which the shortest distance forms a part. fg. 

30 . If through any number of points, P, Q, R.,. lina be 
drawn either all through a fixed point, or all parallel to a 
fixed line ; and if these lines cut a fixed plane in the points 



PHOJEcrrroNa 


then P\ Q\ Ji\.- are called the ;rrejn*/e/^i,v cif 
Pf Qf M*.. mi the plane. If the liticB QQ\ JilC... an* 
all perp(!n(lievilar to the fixed -plains tin* pnijectien ia HaJ*! to 
be orthoffanal 

The ortliogonal pn»jectmn of a rnnif.et! Htra,ij4lit line, mi a 
plane in the line the prnjeetimiH of iln ext remit ien. 

It is easily HCffn that tiie proj*f*ction of a Hm..t on a plain* 
is erpial to its length rnultijfiied by the cosine of tin* angle 
between tin* line arid tin* plane. 

SI. The orffnif/o/idl proji^rtltoi of nn}! ptone areo, on 
aiij/ other plane i,H fonrifl hif mnjjiplpinfjt the ann loj the 
conine tf the amjle heUeem the pltinm. 

Divide the given ansa into a very great niiinher of 
rectangles hy two sets of lines parallel and j'lerpendicnlar to 
the line of init'rsecti<m of the given }>lane and tin* plane of 
projffction, Idnm. thos#j lines wl'ii<»h, are parallel to the finii, 
of intfjrKcction are nnaltm*ed by projeotioin anrl thos** which 
art? perj'imidicnlar are tlirninislnai in the ratio I : vohO, wlierii 
0 is tin; angle between the plant's. .Hence ovovy retiangle^ 
and tln-'refore tin,' mtn of any nnmlM;r of ri-‘ctangl#*s, iis 
dirninisht'd by pntjf.‘t;t ion in ibt; ratio of I : ffiit, 

whf*ii c'ach tif lint rectangles is rriadt* indefinitely siiiail, their 
Mini is tsjua! tti the givmi nn*a. f fence any iirrtii is diiiiiiiislied 
by projection in iln? ratio I :oon0. 

.If We have iin#re than tiiie plane art*a, w‘e 
tiiakc soriie convention as tc* the nigu of f!ie prej^^etioie 
find wti have tin* fidli-mang definilhm: tht? a|e».|iuiie pio* 
Jr^cfimi of arty face of a prdyhedron mi a liseii piam* 
foiiiid !iy niiiltipfying its urea by the c‘OHiii#i of the angle 
between the noriiiii! In the tixfsl |i!arie and the itoririal 
to tlii' faf*e, the normals to t!a! faces lieing all drawn oiifw'aifIf4 
nr nil diawn inwards. 

fl'i Let A l«j the urea of miy idaiie stiifaia* ; m., m the 

clircctiiiD-cosincs cif the uumml in iiie phtm ; /i„ /i^„ tlie 
ppnjeetifiiis of J on the co»orflmati.! pliiiicfi. Tlicii we liavo 



VOLUME OF TKTIlAHKr>H(»N. 


Hence, since 
we have 


r -f 4- = 1 » 

4- ^1/ = ^ 


Also the projection of A on any other phine, tlie 

cosines of whose normals are l\iu\ ih A conif; and we 

have 

A cos 6 = (11' 4- rnifi 4- nji'j .1 
= I' A ^ 4“ 1 y 4 « .. 

Hence to find the projection of aiiy plane ari*a, or mI' tie* 
sum of any plane areas, on any give,‘n plane, m* may lirinf 
find the projections oii the eooadiriat*' plrnif'i^, 

and then take the sum of the prujeetioiiH uf J,^ on 

the given plane, 

34 . To find the volume of n tetruhcdrm- in krms ■f;/' the 
co-ordinates of its angular juu nfs. 

Let the co-ordinates of the angular points of tie* u-t.ra,- 
hedron ABCl) be zf z,f luiil y . 

The volume of a tetrahedron Is oiif>*tliird |}ioiin*;i, of tlo' imw* 
multiplied by the height. Kow the wpiatioM ..4 f h*-* Iht"*' id It i.'* 
X y y , z , I «0. 

, ?A . . 1 

> ,'A . >S > ^ 

«'4> /A. ^ ' 

The perpendicular p fnuu /! on this m ffiiind liy 
stituting the co-ordinates of A and clividiiig t.*y I in? N|iiiirr^ 
root of the sum of the squares of flm melikmiln »4 jz g, 
and z. 

Now the coefficients af Wy y, z am 


y,> 

1 

» - -a, 

1 |. i .A- 

1 


1 

z.,j 

* j ) 'A. 

I 

r/4» -^4? 

1 


^ 1 i -'V /A. 

X 


/ 1 respectively j and tliese coefficients are renpeeiiiady »'*jitril 
J I to twice the area of the j>rojoction of Mdjt mt flic 

jja? = 0, y = 6 and irs=0. Hence the sqimre pmi nf t}it:i mm 
j of the squares of the coefficients of y ai«| $ hv flu* 
preceding Article, equal to 2i\BClh 


TWii STiUKJIfT I, INKS. 


Tlu‘lvfnll>2p.M!(7i , 1 

. .'/j , . I * 

' . I ’ 

•'< . .V, , . i 

t 111 're ! I a'** f4’ ti-f irthf-firMii 

. M 

. J _ 

■>\ . , I ' ' 

4 • f 4 . * 

i^-Ux ^4 f m Jrrq-M. hii»-s rrili h** futijiil i|^ a 

V*T\ l>Ua 1'}' riiM|r-»r ks{ 


(f 


n 


./> 


ir 




1^- ?i. 

fv#, ^'*7^: i«-i ii,r, ifir 

^i<’' vMq*. I ;sLe ui ^ Inr I'l^e.H *|| ■M|#lj||;|.ti! r-l ’ 

^ ir #1 !»' r*|"i:if i*.i<ik’-j ■ K't , ?/ ■ >f f:iii 

.■ ‘ V - X f-;a# 'i, / - ti 

lf*ii<< !|^«' *4 j #//7 31'fi 

;./ f - e . i'AJ4-'l 1/ -•" ■ i^sii 4 -- r., 

It. 1=4 fia r7 th.;i!,. f|p. th^.tihl lit* 

Iiq,y f^/l, f#r* |,,r thv 

s4 ^1/ ^ .. r ^ .r r-^ 11^ 4 , r, 

q^.'iy i>*' .tiv;/ mlipji 114-1, l',7l ,4|#4 
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OBLIQUE AXEB. 


36. Four given planes which have a cimimmi line tjf 
intersection cut any straight line in a range of cmtdaui erom 
ratio. 

Let any two lines meet tlic planf‘s in t.lie peirif.H 
P, Q, P, 8 and P\ Q\ Ii\ 8' respcjctively. Let (1 ho 
any two points on the lino of iriterHoction of tlo* fvoji liliiiioH, 
and let the line of intersection of the two pLuie,^ (ii'QjiS, 
OP'QES' meet the four given plniii^H mF\ If, roMpM*- 

tively. Then, from the pencil wliose vertex is /i, we h;ivo 
{P QRS} = {P"Q' If' F']; mid, from the peindl who, He vertex hi 0\ 
wehave{P''Q''iJ''^>|F97r/^'}. lUnwa{P(^nSfPJ'^lii{Sl 
which proves the proposition, 

37. Def. Two systems of pianos, each of 'ivlijeh lia.v 
a common line of intersection, are said to lie hnmographie 
when every four constituents of the oisi% and the r*irre‘'«piUph 
ing four constituents of the other, have f»rpia! rrosn nif i»»4. 

An equivalent delinitio!i [see (omit's, Art. M23) ih the 
following: — two systems of planr?H, <*acli *>f wliicli ha.M a 
common line of iuters(*.ction, said to {le !irime|rTaj''i!iie 
which are so connected that to each plane of fhi! one 
corresponds one plane, and only oia?, of llm othi i; 

Oblique Axes. 

38. Some of tho preceding inviwiigaiioiis iiw4y i'fjtiiilly 

whether the axes are rectangular or oWicpii?. Tinc^e nmy 
easily recognised. We proeec-‘d to coimnicr in 

which the formulae for oblicpm aial rcciangtiiiir nn. 
different. 

39. Let P, Q be two points on it ainiiglit lim% and 

through P, Q draw planes parallel to tho plaiirg 

so as to form a parallelopipcd, and Itfc PA# Lit, m(J h' 
edges parallel to the axes. Then Iho ration of PA, i,h\ 
toP$ are called tho directmi-ratm of ili#j lino Ji 
clear that the direction of a line it Im iiji 

direction-ratios. 


(mUQVK AXRH. 


40. 7 \f find the ainjlnn a line -makes nfith ike aj'VH tf 

€ 0 - 07 'dl nates j in tennH uj its dircciinH-rathm. 



X, /i, !’!»♦' Y^^Z, Zt)X, v#4y.-: 

Lft h w hi‘ f!{»' iMU-ni! jm' 4 nf iJh* Vm** Ptfimd !**t 

y 1»"' It iii;i.kr’M wifh tiii» /Y,, iJ\, 

K(J li*""* [i.'irallf ’I t;0 tfii- tlmt Pl^ ■- /, {H'f fX\ ' m , 

J{(J--u.,Pip nn ill Art. *10. "rhi^n, thM inii nf 

fifi till'* i4\r h\ fi» tin* m!' 

Wf’ h;i,Vr 


Biiiiiirirly 


Tm,'! 

rM?l 


PL 4 fX\ ran ff -j Ctri p. ; 

/ .1 ruH V - ^ H p, 
i i* I ni * n rri ’-5 X, 


iirifi 


etmy ^ i p 4. vuh X i 


M, 7 **jJirni the h*‘Ureeu (he uf n 

lin*\ 

/*/#. Lh, I%Q ffU t*(f tli**ii tt“r^ li’iir- 
i% em% f iJiemji I y ■ /*(/ ; 

tlif'riOrirr Iriiiii Art. Ill, ^ 

I (I ^ m r>*ii i* f n I- m U r*. 1 4 - m l n rm hi 

■I- nil cnn §s "f m rm X 4 * ii| t 

nr P 4- m* -4 a* 4* 2w#i X 4^ ^ -4 26## rf»i4 I ...{i,, 

wliirli m tli<^ r«/t|ii}r»-i.l 
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OBLIQUE AXES. 


Let the co-ordinates of the points F, Q be 
yii And 2^5,, ^ 

Then I .PQ = PL^cc^- m. PQ^ LK ^ n,, 
and n.PQ = KQ^z^-z,. 


Hence from (i) we have 

V PQ ^ = K - + (y. - 2 0/. - ?/.) (‘. - •%)«'« ^ 

' -)- 2 (zj - z^) {x^ - «.) cos jn -h 2 [x^ -x^){ij^-y^) amv (ii). 

which gives the distance between two pointii in of ilitdr 
oblique co-ordinates. 

42. To find the angle between tnm Unm wkm§ tUmimn- 

ratios are given. 

Let I, m, n and l\ m\ n! be the clireetinii»riiiicm <>f file 

lines PQ and FQ\ and let 6 be the angle! kdwcfeii tliein. 

Let PL, LK, KQ be paralhd. to the iiKei, nn tliiit 
PL^l.PQ, LK^m.PQ, and KQ^n.PQ. 

Project PQ and PLKQ on the line F(/; tlp ii 
PQ 008 0=^1 PQ . cos a -f m P Q , cos + n PQ . mm j , 

where a\ /3\ 7 are tlm angles the line P'Q* niiiki?ii wiili llni 
axes. Hence, from Art. 40, we Imve 

cos ^ » i (t -f m* cos n 4 n cos 
4* m (r COS c + m 4* cos K) 

+ n (r cos fM 4* n% cosX 4* n*} 

= U 4- ntm' 4- nn' 4* (mn* 4 m%) (nt 4^ nl) mm ^ 

+ {tm *f t III) CHS m 


43. To find the volume of a m Unm 0/ flfiT« 

edgm which meet in a point mid of tA# mglm th§^ md. 
one another. 


TAe the axes along the thr@i and itt 1 

be^the lengths of the adg^, and \ w tit W|l« iiti 
with one ano^tibter. Then 


4 
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where 6 is the angle between OZ and the normal to the 
plane XO T. 

Let the direction-ratios of the normal to the plane XOY 
be Ij m, n. Then from Art. 40 we have 

I -\-m cos -f* ^ cos yu. = 0, 

I cos -f m -f- cos X = 0, 

Z cos /-t 4- m cos X + 71 = cos 9, 

Multiply by I, on, n and add, then, from (i) Art 41, 

71 cos 1. 

The elimination of I, m, n from the above equations gives 
1 , ^cos z/ , cos //. , 0 = 0 ; 

QOSV, "^1, cosX, 0 

Cosya, cosX, 1, qobO 
0 , 0 , COS 0 , 1 

therefore sin^ v cos^ 9 = \ 1 , cos , cos ya 
COS V j 1 , cos X 
I cos ya , cos X , 1 

= 1 - cos* X - cos* fju ~ cos* P + 2 cos X cos ya cos V. 
Hence the volume required 

= ^ ahc V (1 — cos* X — cos* fju — cos* + 2 cos X cos ya cos v). 

Trahsfoematton of Co-ordinates. 

44. To chmge the origin of co-ordinatee without changing 
the direction of uie awes. 

h be the co-ordinates of the new origin referred 
to the original axes. Let P be any point whose co-ordinates 
referred to the original axes are w, n, z, and referred to the 
new axes x\ z\ Let PL be parallel to the axis of m and 
let it meet foZ in L, and TOZ in L\ 
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TBANSFOBMATION OF 00-OR0IMATFil. 


Then 

therefore 


ZP^x,LT^s'; 


Similarly 

and 


z —z ^ h. 


Hence, if in the equation of any surface* wa wrila r -f-/ 
y+g,z + h{oicx,y,z respectively, we obtain the ef|iiiitioii 
referred to the point (/, h) as origin. 


45. To change the direction of the axes unthmii chnngmg 
the origin, both systems being rectangular. 

Let l n^; and be the fJirecti»u 

cosines oi the new axes referred to tlie old 



Let P be any point whose co-ordinates in tlie two nplmm 
are x, y, z and x\ y\ z\ 

Draw PL perpendicular to the piano XOY' ami LM tior. 
pendicularto <9Z'; then OM»x, ML»tJ, and LP^s'. 

Since the projection of OP on OX m etpml to tbo »uiti of 
the projections of OM^ ML and LP, wo have 

»»= + + 

y «» «t, «' + y’ -f $, 

z "t* y* *|* 


Similarly 

and 


TRANSFORMATION OF CO-ORDINATES. 31 

These are the formulae l^eqqired. 

Since l^, n^', and l^, wi,, are direction-cosines, 

we have . 

«r/ + w/= 1 

C = 1 I 


Also, since OX\ OY, OX are two and two at right 
angles, we have 

Ua + + Va = 0, "j 

= 0, L 

and Z/j + ^i '^2 + = 0 J 

The six relations between the nine direction-cosines which 
we have found above .are equivalent tf) the following : 

h\ + h‘ +C =1.1 

■+ = 1. [ 

4< +«/=!,) 

»»,« -i- m n -h mjn. = 0,1 

V. +«A +Va =0. [■ 

4 4'OTa + = oJ 

This follows at once from the fact that l^, l^, l^; 
»n,, m„, m ; and n^, n^, n, are the direction-cosines of 
OX, OF, OZ referred to the rectangular axes OX', O F', OZ'. 


46. Since 

kK + 

and 4 4 a,mj = 0, 

we have 



Hence each fraction is equal to 


32 TKANSFOBMATION OP CO-0 RUINATES. 

Also A. ''i 

k, Wj, «8 
''a 

= - TOjitj) + ni, {n,}, - “ ^3”'a) 

= + Oi* + + «,’) = ± 1. 

47. If in Art. 45 the new axes are oblique we still have 
the relations 

aj= l^x' + Ij)' + l^\ 
y = m,® + my + m,/ , 
z = «y + w^y' 4- ny . 

We can deduce the values of x, y, / in terras of x, y, z : 
the results are 

» h ~ 4 » 4 > j 

m,, wq, Wj Wj, TO,, ?/ » 

Wj, m,, n, w-s, 5 1 

and two similar equations. 

48. The degree of an equation is nmltered by any tmns’ 
formation of axes. 

From the preceding Articles we see that, however the 
axes may he changed, the new equation is obtained by sub- 
stituting for «!, y, a expressions of the form lx + my + ns+;^. 

These expressions are of the first degree, and then-fore if 
they replace x, y, and z in the equation, tins degree of iho 
equation will not he raised. Neither can tho degree of the 
equation he lowered; for, if it were, hy roHirning to the 
original axes, and therefore to tho original equaliwii, the 
degree would he raised. 

49. We shall conclude this chapter by the toliition of 
some examples 

( 1 ) A Une ofeomtaitt Ungtk hat itii extrmttiu on tmitfig/’d ttrtlfkt Unf 

$hm that Imu of U$ middle mint is m fHlpi* 

If w© tek© tka axes of »-ortoat« m In Irl. il, tlii tftiilliiaiiif llir Huff 
idB M fd ii# 

friSTiTotr 

EANGALCBl- 80 

' aassN0^^4- 


EXAMPLES. 
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nities of the line in any one of its possible positions be 2/1, Zj^ and 
, Zq ; and let (x, z) be the co-ordinates of the middle point of the line. 
, if 21 be the length of the line, we have 

4 ^ 2 = + (2/1 - + (^1 - ^2)"- 

it, since and z^=Cf and 2/2= Z2=-Cf we have 

1 , X 22 / 


yi - 2 / 2 = ro (a!i + ®j) = 2mx, 

2i-2?2=2c, and 2z=:Zi+Z2=0, 

3nce the locus of the middle point is the ellipse whose equations are 

z=0, 


I A line moves so as always to intersect three given straight lines, 
are not all parallel to the same plane; find the equation of the 
e generated hy the straight line. 

aw through each of the lines planes parallel to the other two ; a 
elopiped is thus formed of which the given lines are edges. Take the 
> of the parallelopiped for origin, and axes parallel to the edges, then 
[nations of the given lines are 2/ =6, 2= - c) x?=o, -a; and £c=«i, 

h respectively. 

t the equations of the moving line be 

_ z-y 
“1 m n * 

ace this meets each of the given lines we have 

& - /3 _ ~c ~7 c -7 _ -g-g a- a _ -b- j3 

m n * n I * I ^ m * 


nee, by multiplying corresponding members of the three equations, we 
lat (g, 7), an arferary point on the moving line, is on the surifaoe 

I equation is 

(g-a?)(b-2/) (c- 2 r) + (a+ac){ 6 + 2 /) {c+z)^0, 


be ca ab 

The lines of intersection of corresponding plcmes of two homographie 
s describe a surface of the second degree. 


0 may take y=:rm, z=c, and - wg, ;?= -<j for the equations of the 
)f intersection of the two systems of planes [see Art. 86.] 


t the equatiems of corresponding planes of the two systems be 


P~ma?+\(« -c)=aO, 
(;5+c)=0. 


the^ystems are homograpMc there is one value of V for ©veiy’ value of 
L on© value of \ for every value of V; hence X, X' must be connected by 
don of the form 

XX^+iAX'4? jBX* 4* 0~0. 


8. a a. 
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EXAMPLES ON CHAPTEB II. 


Substitute for X and X', and we have 

(2 + c) (y’-mx)-B (2 — c) (y+ma;)-l-C 7 (2^ — c^= 0 . 

Hence the line of intersection of corresponding planes describes a surface of 
the second degree. 


Examples on Ohaptee II. 


1. If P be a fixed point on a straight line through the origin 
equally inclined to the three axes of co-ordinates, any plane 

f through P will intercept lengths on the co-ordinate axes the sum of 
whose reciprocals is constant. 

2. Shew that the six planes, each passing through one edg© 
of a tetrahedron and bisecting the opposite edge, meet in a point. 

3. Through the middle point of every edge of a tetrahedron 
a plane* is drawn perpendicular to the opposite edge; shew that 
the six planes so drawn will meet in a point such that the 
centroid of the tetrahedron is midway between it and the centre 
of the circumscribing sphere. 


1 = 

m, 


- , and which 
n 


4. The equation . of the plane through -j ~ 

^ perpendicular to the plane containing ~ ~ ^ ^ ~ f ~ 

is aj (w — n) 4 - y (w — ?) + js (? — = 0. 

5. Shew that the straight lines 


m 


^ ^ ^ y ^ ^ ^ ^ y 
I”” 


m n 


a P y' aa 
will lie in one plane, if 

^-{h-c) + j{c-a)+~(a-b) = 0. 

% . 
t. Two systems of rectangular axes hare the same orij 

a plane cut them at distance a, 5, c, and a\ 6', (/ from the 
then ' — 

i 1 ^ -1 ^ 
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7. Ddteraiine tiie Iocuh of a |»oirit %vhii*h iiiovos no m iilwiiyi 
to be equally clisfeanfc from two givim atraight linen. 

8. Through two straight liiiOH given In n|«m« two iiliirien iiro 
drawn at right angien to one another; Hi id the hmm of lliidr liiof 
of intersection. 

9. A line of constant length liaa its ejctreinitle^ on two girint 
^ straight lines ; find the equation of the surface generated by it, 

and shew that any point in the line deiieribea iin iillipm 

10. Shaw that the two ntraight mprmmtiml hy iliii 

equations ax + by-hcz^ 0, ys xi/ 0 will lai |Mir|»iiitIteiilar if 

1 1 f 
u if € 


11. Find the plane cm %vldc»h ili«* ar*m of tlwi jirnjotitioti of lint 
hexagon, formed by »ix edges of ii ciilie wliieli do tic#t itiiifit a givi?ii 
diagonal, is a maximum. 

12. Prove that the foiir planes 

f/i^ + nzmiOf m + bcmOf & + ic 4* niy 

fonn a tetrahedron whose volume m ^ , 

18. Find the surface geitertikal by a alralftit !iti« wlibdi in 
parallel to a ixeci plane and mmM two giviin almiglil liiiea. 


14 A straight line monte two given »tratglifc Iin* *ii4 tiiikiti 
the mine angle with both of them ; lliid the anr&aai wlileli il 
genam-tes. 


16. Any two finite ilraight Ilnea iiro dlviclial in tls« wttifi 
ratio by a straight line ; i«d the ^nmibn of tlifi aurface wliitli It 
geiiemtm 

16. A stiuigM line always pamlltl to the plan© of ft 
through the curves and f ’'^11; profi? 

that „we #c|umtiott of the mifUm gtnemOfil m 

’ Sjb Thro© slight liiiei immtoally «l right aitgh*# in a 
and two of tb«tt intew^ tlio mm of m mmi y mmim^ 
mvefyv wiiie the third mmm througlt m fixed |»liii {0| Cl, e) m '111# 
s.xis of ». Shew tibit mm of the teona of i* ti 

»* + ^ ^ Mm* 




36 


EXAMPLES OX CHAITER It 


18. Find the surface generated by a straight line wliicli meeti 

y^mx, « = c; — \ and 3 /* -f- s® « X'^O, 

19. P, P' are points on two fixed non-intersecting stmiglit 
lines AB^ A'B' such that the rectangle AI\ A'B' m mmimit Fiiicl 
the surface generated by the line PP'. 

20. Find the condition that 

oaf + by^ + cz^‘h ^a!yz + = 0 

may represent a pair of planes; and supposing it Mtisfied, if # l>© 
the angle between the planes, prove that 

tan d « . 

a-f-o-fo 

21. Find the volume of the tetrahedron formal by pkrits 

whose equations are 3 / 4 - sj=sO, + a? + yeO, and « + + 

22 . Find the volume of a tetrahedron, havkg givta tlit 
equations of its plane fao^. 

23. Shew that the sum of the projwjtioiw of the of a 
closed polyhedron on any plane is mm, 

^24. ^ Find the co-ordinate of the centre of tlio sphere In* 
sciihed in the tetrahedron formed by the planee whc»e mimtimm 
are aj = 0 , 3 ^ w 0 , 0 oj + ^ + s; » 1 . 

^25. Find the co-ordinates of the «ntre of the ipli©» in- 
scribed in the tetrahedron formed by the planes wi«e cqualioiit 
are y + i 2 ?=* 0 , a? + yaO, and « + y 4 « » a* 


CHAPTEK III. 


StXEFACFi? OP TItE SECOND DEfSBEE. 


50. The most general equation of the BCfoud degreft, vi«, 
aa? + hf + + 2fyz + tgzr. + ttnj + 2 W3 + d « 0, 

contains ten constanta But, since we may multiply or dividu 
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THE TANGENT PLANE. 


Let the equations of the straight line bo 
cD-a _ y-^ _ »-'i 
I m n ' 

To find the points common to this line and tlin surface, 
we have the equation 

a (2 + 6 (/ 9 + mr)* + c (7 + nrf + 2 / {/S + mr)(y + nr) 

4 - 2 ^ ( 7 + nr) (a + Ir) + 2 A (a + lr)(0 + mr) + 2 « (« + ir) 

+ 2 » OS + mr) + 2w (7 +«r) + «■ 0 , 

or 

»■“ (a?+ Im‘+ CJi'+ 2firm + 2gnl+ llilm) + r 

+ lf'(2, A 7)»0 (i). 

Since this is a quadratic equation, any straight lino meets 
the surface in two points. 

Hence all straight lines which lie in any partienlar plane 
meet the surface in two points. So that, all plane mctwm of 
a surface of the second degree are conics. 

In what follows surfaces of the second dogre© will 
genei-ally be called conicoids. 



62 , To find the equation of t/te tangent jdane at any 
point of a coniooid. 

If (a, / 3 , 7) be a point on F^«, y, s) ® 0 , one root of 
the equation found in the preceding: Article will bo aero. 
Two roots will be zero if I, m, n satisfy the relation 


The line 


,dF , dF , 'dF 
-a y-^ z-y ^ 


will in that catio Ite a 


tao^ent line to the suriace, the poi nt of oontact being fy, 0 , 7). 

If we eliminatf I, m, n between the eqaationa of the line, 
and the equation (i), we see that «Jl the tangent lines lie in 
the plane whose equation is 


TUB POLAR PLANK. 
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This plane is called the tmigmt plam at the point (a, j). 

If wo write the equation (ii) in full, wo ohtaiii 
z(aa + k0+gy + u)+p{h^ + hfi +fy + v) + s(t/% +/0 +• +■ »«) 

= (xa* 4- b0‘ + cy* + + %»yit + + ua + »^ + vrf. 

kMu% + v^+wy-^d to both rides, then th« ri^ht, side 
becomes Fia, 0, y), which is zero; we tlierofoie have for the 
equation of the tangent piano at (at, 0, y) 

x{aa+h0+ffy+u)+y{hx + b0 4-/7 4- w) 4- *( 3 '* +J0 ^(iy¥w) y 

4- K« 4- 4- ttty 4- * 0. . .(iii). 

Ex. 1. Flnil III® flf the tiiigftHl |flan*i 8.1 tli« |itilfil /| « 

tha iurfaai <ax* + %* + + il » ci. A m, +■ %'f + m§ +- d 

Ex, 3. Fiaii tiia ®i|iiationi ©f lli» pljui# 8t I lie pciini f\ i*| mi 

tlia 8iorfftt» 4* 32 sa II. * 4 m, mdx + 4 4* 0. 

63. The condition thiit thn 
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THE POXAE PLAMU 


54 . The condition that the polar plane of (x, /) may 

pass through (a, /3, y) is as above 
a{aw' + hy' i-gz' -{-u) +^(hsif + bg'+f/’i-v) 

+ y ( 3 ^ ^fy' + 4* w) 4- Hh t)'/ 4 tm' 4^*0* 

This equation is unaltered if we interchange a iiimI 
^ and y', and 7 and z ; it therefore follows that if thii |adnr 
plane of any point P with respect to a eonicoid piiiw through 
a point Q, then will the polar plane of Q pans throiigli F. 

65. Let B he any point on the line of intewection of iliti 
polar planes of P, Q. 

Then, since B is on the polar plane of P and ako cm tliii 
polar plane of Q, the polar plane of li will ptm tliroiigh P 
and through Q, and therefore through the line FQ» Similarly 
the polar plane of 8, any other point on the line of inter* 
section, will pass through the line FQ, 

Two lines which are such that the polar planii with 
respect to a eonicoid of any point on the on© paisci through 
the other, are called polar lines, or conjugaM linoi. 

'56. If any chord of a conicokl b$ drawn timmgh a fmmt 
0 it will he cut harmonically by the $mfme mui tfm |iolflir 

plane of 0. 

Take the point 0 for oririn, and let the surfecii be fiv tn 
by the genera equation of the second dc»grct. 

Let the equations of any line, which cuts tli© siirfac^ itt 
P, Q and the polar plane of 0 in M, be 
m y $ 

T ’SSS SS- mm a® 

m n 

To find the points where the line cuts the surface we ha?#, 
as in Art 51, the quadratic equation 

r* {al‘ + 6ot.’ + or? + %fm.n + 2gnl + thlni) 

+ 2r (af + *»* + wt) + ef* 0. 

112 
Hence + 

The equation of tibe polw plane Oh 

M® + + ws + • 0, 


CONDITION OF TANOENCY* 
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Hence 


m -f u?;i) ; 


therefore 


11 

^OP^OQ^OlV 


which proves the proposition. 

57. To find the condition tJmt u given plane may touch 
a conicoid. 


Let the equation of the given plane bo 
lx -{- my'hnz -f-p « 0 

The tangent plane at y\ z) is 
w (flod 4- ky 4 g£ 4 tc) 4 y {hx 4 by 4j^ 4 ii) 

-^fy* 4c/ 4 w) 4tia?'4t?y 4ta/ 4 

If the planes represented by (i) and (ii) are the same wci 
have , 

ax 4 hy 4 g z 4 u ^ fi x* 4 '¥fz* ^ g^ •¥/'!/ 4 4 m 

ns* 4 4 tvz* 4 cl 

P 

Put each fraction equal to-~X; thcra wo have 
cud + hy' + yz' + M + X L » 0, 
ha! 4- by + j/ + » + X to « 0, 
gx + fy + c*' + »o+ X « « 0, 

%ud 4- wj 4-W '®' +d + Xp ■■ 0. 

Also, since {a!, y\ %') b on the given {»lnne, 
la! 4- tny' 4- 4-p ■■ 0. 

Eliminating a?', y, X, wo obtain the required condition, 
namely 


tt, 

h. 

g* 


1 

p 

c 

b. 

If 

■t, 

m 


/. 

c f 

w. 

n 

]u, 



d, 

P 

n, 


n, 

P. 

0 
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TANGENT PLANE. 


The determinant when expj^ded is 
.4? + 5m*+hi‘' + i)/ + 2Mh" + 2 (?»?■+ 2 CT/n. 

+ 2 Ulp + 2 Vmp + 2 Wnp = 0, 
where A, B, 0, &c. are the co-factora of a, b, a, <kc. in the 
determinant 


a, h, g, 
h, b, f, 
9, f > c, 

U, V , w, 


We will give special investigations in the tw'o following 
cases which are of great importance: 

L Let the equation of the surfaco bo 
oaj* + + cx“ + d! =» 0, 

The tangent plane at any point (d, ij', z') is 
CMj'a: + Jy'y + i “ 0. 

Hence, comparing this equation with the given equation 
& + my + ria+^®0, 


we have 


txc 

T 


M 


cz 


d 


- . Each fraction is etiual to 
w p * 

d {m'* + hjf* + c/* + d) 


Jr m’ %' 

U'^T+; 

hence, since ad* + bg* + cz'* + <i * 0, 
the required condition of tangoacy is 

IL Let the equation of the surface bo 
aa?'\-h^ + 2z»Q. 

The tangent plane at any point {d, /, *') Is 
oaf a? + + * + / • 0. 

Hence, comparing this equation wiA tiie given equation 

& + TO^ + »M+|»*“b, 


CENTRE OF A FEANB BECTION. 
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we have 


aa! _ & / _ 1 _ £ 

I m n p 

4*6/*+2^') 

Ti^^y 

hence, since 4- 2/ = 0, 

the required condition of tangoncy is 


Each fraction is equal to 


P 


m 


1+:!; 4.2/m «o. 
a b ^ 

58. If we find, as in Article 61, the quadratic eqiiatiori 
giving the segments of a chord through {% y) the roots of 
the equation will he equal and opposite, if 


dF , dF 


0 , 


(i). 


In this case (ac,^, j) will b© the middle point of the cliorcL 
Hence an infinite mimber of chords of the eonicoid have 
point (a, 0^ y) for their middle point 

If eliminata I, m, n between thci equations of the 
chord and (ij, w© see that all such chords are in the plan© 
whose equation is 

(a5 - a) jI" + (S' - /S) 0 - -y) 0 (»)• 

Hen<» (a, 0, j) is the centre of the conic in which (il) iiiotite 
the surface. 

This result should be compared with that obtain til in 

Art. SB* 

Bi. 1. The Idett.* cf itit mntm of plan# of a c^ni^M wlltlt 

tihraign % polBt !• a 

e<|mtldft of ^ Icmi li wbtft 

k ar# Uit co-oriiMtos of tl» poiatJ 

4i ??• % ^ »iife« of seeioni a ii a 

wuf M iin#« 

' I 
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DIAMErrEAL FLAHIS, 


Tke section wliose centre is (a, p, 7} is pimllil to tiie gmm iiliat 
Vc+mu+nz^Q if 

^ 

da 

I ^ m » * 

Hence tlie locus is the straight line whose ^tialirms are 
1 dx mdy n (h* 

The straight lines clearly all pass through the polal of iateriectioa ©f llii 
, dF dF . dF . 
planes ~ = -j- » — =0, 

^ dx dy dz 

59. To find the hem of the middle poink of m $y»iMm tf 

parallel chords of a conwodd. 

As in the preceding Article, (a, ft j) will be IIip nriidiili 
point of the chord whose directian-co»iiic!i are I, tii, n, if 
,dF ^ dF dF . 

Hence the locus of the middle points of ehrirds wliiii© 
direction-cosines are i, m, n is the plann whcMCi CM:fualii:iii ii 
.dF ^ dF ^ dF . 
dx dy as 

Bef. The locus of the middle points of a system of {rnmllel 
chords of a conicoid is called the diametral plane. 

If the plajae ho prpendicukr to the chords it bisects, it is 
called a principal plane, 

60. To find ike equations of the principal pfarm uf a, 
coniooid. 

The diametral plane of the chords whose directlon'Costncs 
are I, m,n ia 


jdF^ dF^ dF . 


da 


or, writing the equation in full, 

I (d ® + hp +gz +«)+»» (fix ■\-by 

+ n 0 «+/y + cs ^w) m 0 , 
mial+hmi-gn)+p(kl+bm +/n) +a(gt + cs) 


or 


PRINCIPAL PLANES. 
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If this plane be perpendicular to the chords it bisects, 
we have 

al + Tim+gn __M + hm +fn _ gl 

I m n ' 


Put X for the common value of these fractions, then 


‘\‘hm ’^gn = 0 ,| 

hi + (6 - X) m +fn = 0, > (i). 

gl + (c — X) n = oj 


Eliminating Z, m, n we have 


h, 5 — X, 
9i f 



or X® — (cZr 4" 6 + c) X^ 4- (^g 4" gci 4" (xh — — g^ — h^) X 

— {abc 4 - ^fgh — af^ — bg^ — ch^) = 0 . 

This is a cubic equation for determining X ; and when X is 
determined, any two of the three equations (i) will give the 
corresponding values of Z, m, n. 

Since one root of a cubic is always real, it follows that 
there is always one principal plane. 


Find the principal planes of the following surfaces : 

(i) + 

(ii) llflc® + lOy® + 6x:* «■ + Azx - 12a:v = 1. 

Ana. (i) x-\‘y-¥z=^0, x-y=i0, x+y 
Am. (ii) x + 2y-\-2z=s0i 2x+y-2z=s0, 2a?-2y+^as0. 


61. All parallel plane sections of a conieoid are mmilar 
and similarly situated comes. 

Change the a:8:e8 of co-ordinates in such a way that the 
plane of my may be one of the system of parallel planes ; and 
let the equation of the surface be the general equation of the 
second degree. 

Let the equation of any one of the planes be At 

all points of the section of the surface F (a?, y, s) =» 0, by the 
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plane z^h both these relations are satisfied ; we therefore 
have 

ax^ + hy^ + ch^ + ^yh 4* 2gkx -f 2kxy 4- 2ia; 4- 2m/ 

4- 2mk 4* ci at 0 * ,(i)* 

Now the equation (i) represents a cylinder wlitimi giniii- 

rating lines are parallel to the axis of z, and which is cut by 
the plane ^ = 0 in the curve represented by (i). 

Since parallel sections of a cylinder are sirntiiir and nirril- 
larly situated curves, the section of the surface y, z) m 0 
by ^ = A is similar to the conic represented by (i) iincl z * C); 
and all such conics, for different values of are clearly 
similar and similarly situated : this proves tlici proposition. 


Classification of CoNicoina 

,62. We proceed to find the nature of the diiltfr^tit 
surfaces whose equations are of the iccond degree ; and wii will 
first shew that we can always change the diriK^ioiii of thii 
axes of co-ordinates in such a way that the eoeffieieiite of ys, 
zx, and xy in the transformed equation am iil! riiro, 

63. We have seen 60] that there in at least mm 
diamelaral plane wluch is perpendicular to the clMirdi it 

bisects 

Take this plane for the plane « « 0 in a titw ly of »• 
ordinates. 

The degree of the equation of the snrfaot will not \m aiterccl 
by the transformation! hence the ^nation will \m of llte form 

4* J/ + c/ + 2/y^ 4- 4- 2% 4- Sii« + if I + + 4 *» Cl* 

. . By supposMon the plane s « 0 bisects all chmk |«mf lol 
tO' the a^ of if; thBmtmm if « tf, /) b© my point on ib# 
^aoe, the point (x\ will al» ^ on llw snrf^* 

From this we see at oibb that/- ^ » if ** 0. 

Now turn -tihe mm ttoongh an angle § 1 tli« 

[See Conics, Art. 167] the ttm involving sy wiM di^iiip^ir. 
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Henee we have reduced the equaticm te a ferrii itt wliicit tlici 
terms yz, zm, aad are all absent 


64. When the terms zm, m%j are nil iibseiit fruiii tliii 
equation of a conicoid, it fnltows from Art 60 ilsal ttiii ci>«orilb 
nata planes are all parallel to prineipiil pliin€.!ii. llc^iiee Itj 
the preceding article, tliere are always l/irre firiticipiil 
planes, which are two and two at riglit angltia This uliew^ 
that all the roots of the cubic ecpiutioii found in Art. 00 iirii rciii 
For an algebraical proof of thin important tliiforeiii mm 
Todhunter^s of Eqimtmm, 

66. We have seen tliat the genrsral c^cjiiaticin of llii ioeoiicl 
degree can in all cases be rf«iiici!r! to the form 

4^ 6V+ 2Kr+ 2 IVz + /i 


L Let -4, <7 be ail finite. 

We can then write the ecjiiatitai 


CP . V r* ,, _ 


Hence, by a change of origin, we have 
AiP + //y + (>z* « //. 
If D' be not zero we have 

C «* *• 

A 1 V 

which we <»a write in the farm 


or 

(HP 


SI* 

«» , / a* 
a? 


■r 

*• 


>1 

.1 




1 ....,......,..,.,.0), 
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CLiSSrriCATION OF CONICOI0S. 


jy TY TY . 

according as ^ ^ are all positive, two positive and 

one negative, or one positive and two negative. [If all three 
are ne^tive the surface is clearly imaginary.] 

If J)' be zero, we have 

+ (S). 

II. Let C, any one of the three coefficients A, B, 0, be 
zero. 

Write the equation in the form 
then, if W be not zero, the equation can, by a change of origin, 


be reduced to 

Aa?+Bf + %Wz^Q (tf). 

If W be zero, we have the form 

Aa? + Bf->rJy--Q (D, 

or, if 17 be zero, the form 

Alt? + i?y*= 0 (t/). 


m. Let B, 0, two of the three coefficients, be zero. 

We then have 

A(m + +2 Yy+ 2 Wz+B - ~ - 0. 

Nowtaie 2Yy+iWz+D—^«aQ for the plane y^O, and 

the equation reduce to the form 

a^^ihy (^. 

If however F= Tf * 0, the equatiim is equlvdent to 



66. We now proce^ to insider the nature of tli® 
surfaces whose equations are (a), to on® of whtob 

forms we have seen that the general equation is redudhte. 


THE mJMwmh 


m 


Tbe surface whose et|iiatioii 


I/® , 

■ a + Vg 4 “ ■ g 1 , 

cr h c 


is called an dlipnoid. 

Let a, h, c be in fleBeeuiJiiig riril«fr of ttmgmimh ; 
m ) being arij paint «ii tbe surface, wc 


; ; + .v + - > 1 . 




and 


ft 


-g + --g 

/»» **« 




. 


So that no noint on the siirfiaai in at ii tlislnnrff* froirrllii* 
ori^B greater tlian a, or lesn than c. The siirlka!! is tlii»ri€fir# 
limitef in every directioii ; and, since nil iiiiiiie iectiona of a 






60 THE HfpEBBOLOII) OF OKE BHEET. 

67. The surface whose equation is 

is called an hyperholoid of one sheet 

The intercepts on the axes of m and y are real, and those 
on the axis of z are imaginary. 

The surface is cleai'ly symmetrical about eacli of the co- 
ordinate planes. 

The sections by the planes a; = 0 and y « 0 are hyperboliM, 
and that by ^ = 0 is an ellipse. 

The section by ^ & is also an ellipse, the projection of 

which on z = 0 is -a + fe=l + ~, , and tho section becomes 
do 0 

greater and greater as k becomes greater and greater. 



THE Hyj’Kuin>f.uir) or two sheets. 


revoktion of tlie liy|mrbcila iik/iil iu vuuju^im 

axis. 

The fi,gtire* sliews iJio iiiiiiirfi of the Huriaoti, 

6S. The surface wliose «:a{iiati<iii is 



is called aa hyperlmlmd af ium nhreM. 

The iiitercefits mi the axis of x lire r«.:%al, thosf^ on tlieritficr 
two axes are itiiiigiiiarj. 

The sectiorii by the fhiiies anil zmQ nm hy|Mtr» 

bolas. 

The section by the {iaiie CHs ittmginiiry. |iitriilli! 
plane m^k does not rmM?l tliii surface in reiil |aiitiis 
I*® >a\ If the sect ion is an elli|^i the mm of whieli 

become j|reiitar and greater as k Immnm grmdm ainl greater. 
The surface thercfure coiisi.Hts of two deittehecl tiortitiiis m in 
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THE COXE. 


A cone is a surface generated by straight linos which 
always pass through a fixed point, and which obey some other 
law. The lines are called generating lines, and the fixed 
point through which they pass is called the verte.x of the 
cone. 

If the vertex of a cone be taken as origin, the equation 
of the surface is homogeneous. This follows at once from the 
consideration that if [x, y, z) be any point P on the surface, 
any other point {lex, ky, kz) on the line OP is also on the 
surface. 

Conversely any homogoneou.s equation represents a cone 
whose vertex is the origin of co-ordinates. For, if the values 
X, y, z, satisfy a homogeneous equation, so also will kx, ky, 
kz, whatever the value of k may be. Hence the line through 
the origin and any point on the surface lies wholly on the 
surfece. 

The general equation of a cone of the second degree, or 
quadric cone, referred to its vertex as origin is therefore 

owi* 4- Z>y* + ca* + ^fyz + 2gzx -}- 2kxy = 0. 


70. If r be the length of the semi-diameter of the 
surface ewe’ -f- + cP = 1, we have the relation 

^ = oP+ hw? + cu*. 


Hence the direction-cosines of the lines which meet the 
surfece at an infinite distance satisfy the relation 

aV + 6m* H- c«® = 0. 

Such lines are therefore generating lines of the cmio 
as? -f- 6r/* -1- cz* »• 0. 

This cone is called the asymptotic com of the surface. 


71. 

.t 


The equation A!p-\-jB^ + %Wz<B>0 is equivalent to 


Y + ^ = 2«, or j ^ = 2s, according as the signs of A and B 


are alike or different. 



THE 







siirfiiee m 


J 


r 



is called an elliptic panibQlmL 

The secikifii^ by the planer a: « and j^ssO arii jiariibi'iliia 
having a coiiiiiion axis, and wiiomi urn in ihii mmm:* 

direction. 

The section by any |dane |iara!lid to ^ »C| m iiit lillijitii if 
the plane be on the I'MiBitiia"* aide of z ® 0, and in iiriiiginiiry if 
the pkna be on the negative of Ifeneci tliii 

surface is entirely on the }iiisilivi5 side of the plmm zmQ^ anil 
extends to an iiifinile iliMtiince. 

The surface wIicmo et|iiiitirin is 

ar® if 




is called an hyperhdic pambuhid. 

^The sections by the planes «»() and y *0 am paratmliia 
which have a cornniiiri iixk, luid whose Oiiiciivilies nr# iti 
opposite direclioii4 





64 


THE PARABOLOID. 


The section by the plane = 0 is the two straight lines 

given by the equation 7-7 = 0* section by any plane 

parallel to z =0 is an hyperbola: on one side of the plane 
= 0 the real axis of the hyperbola is parallel to the axis of 
X, and on the other side the real axis is parallel to the 
axis of 3/. 

The figure shews the nature of the surface. 


72 . It is important to notice that the elliptic paraboloid 
is a limiting form of the ellipsoid, or of the hyperboloid of 
two sheets ; and that the hyperbolic paraboloid is a limiting 
form of the hyperboloid of one sheet. 

This can be shewn in the following manner. 

The equation of the ellipsoid referred to (-a, 0 , 0) as 

origin is ^4-^ + ^ — ^ = 0. Now suppose that a, 4 o all 
become infinite, while — , - remain finite and equal rc^spec- 

tively to I and I ' ; then, in the limit, we havo 7 + = 2 j?, 

which is the equation of an elliptic paraboloid. 

The other cases can bo proved in a similar manner. 


73 . The equation + By^+D =0 represents a cylinder 
[Art. 10], being a hyperbolic cylinder if A and B have dif- 
ferent signs, and an elliptic cylinder if A and B have the same 
sign. If the signs of A, B, B are all the same the surface is 
ima^ary. 

The equation Aa? -h B'f =s: 0 represents two iatersocting 
planes, which are imaginary or real according as the signs of 
A and B are alike or different. 

The equation «?= 2 Jey represents a cylinder whose guiding 
irve is a parabola, and which is called a parabolic cylinder. 

The equation »*«=& represent® the two parallel planes 
= i >\fk. 


EXAMPLES. 
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1. The sum of the squares of the reciprocals of any three diameters 
ellipsoid 'which are mutually at right angles is constant, 
r, be the semi-diameter whose direction-cosines are n{) w© 

= u- + 4. and similarly for the other diameters. By addition 

CL“ 6 "* C'^ 

1 1 1 111 

jVe — ^ - 4 * — r> + — 5 = '“v> 4 ' 75 + "5 • 

X. 2. If three fixed points of a straight line are on given planes which 
t right angles to one another, shew that any other point in the line 
ibes an ellipsoid. 

3t C be the points which are on the co-ordinate planes, and 

y, z) be any other fixed point whose distances from A, C are a, I), c. 

-=2, ^ = wi, and -=7i, where w, n are the direction cosines of the 
a h c 

Hence the equation of the locus is ^ 4- ^ -{- ^=1, 

X. 3. Find the equation of the cone whose vertex is at the centre of an 
5oid and which passes through all the points of intersection of the 
joid and a given plane. 

ijiS ^2 

let the equations of the ellipsoid and of the plane be “a + + ^=»1» 

ny+nz-1. We have only to make the equation of the ellipsoid 
ogeneous by means of the equation of the plane; the result is 

+ + »«)’• 

’or this equation being homogeneous represents a cone whose vertex is 
le origin ; and it is clear that the plane cuts tfie cone and the ellipsoid in 
same points. 


Sx. 4. Find the general equation of a cone of the second degree referred 
nee of its generators as axes of co-ordinates, 

Che general equation of a quadric cone whose centre is at the origin is 
aaJ® + hy^ -h cz^ 4- 2fyz 4- 4- = 0. 

f the axis of a; be a generating line, then yssQ^ zsaO must satisfy the 
ktion for all values of w ; this gives a=0. Similarly, if the axes of y and z 
jenarating lines, d=0 and c=0. Hence the most general form of the 
ition of a quadric cone referred to three generators as axes is 

fyz+gz!z-^hay=0. 


Bx. 6. Find the equation of the cone whose vertex is at the centre of a 
n ellipsoid, and which goes through all points common to the ellipsoid 
a concentric sphere. 

If the equations of the ellipsoid and sphere be ^ ^ 4-^3asX, and 

. 1^2 4.^55-^ respectively j ihe equation of the con© will be 
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THE CENTER 


Ex. 6. Find the equation of the cone whose vertex is the point {«, 7) 

and whose generating lines pass through the conic 4* ^ = 1, i »0, 
x-a 

I m n 


Tiiig meets smO where 


Let any generator be 
x-a-- 7, and y-P--y- Hence ^ h-„y) ‘“It or 

^{an-7l)®+p(i9n-7Wiy^=n^. Substitute for 1 , m, n from the equations of 

the Hne, and we have ^(aZ‘-yx}^-h^(fiZ‘-ypfs(Z‘-y)\ th§ ref|tiir^ 
equation. 


74 . If the origin be the centre of the surface, it is the 
middle point of all chords passing through it; hence if 
(a;. , 2 /,, Zj) be any point on the surface, the point(— a;,, — y,, — «,) 
■will also be on the surface. 

Hence ■we have 

^ 1 * + ^2/t ■+ ** 1 ’ + + 2^,y, + 2M4r, + 2i!>y, 

+ 2ws^ + * 0, 

and ax* + hy* + cz* + 2/y,ifj + 2y^,«, + ^hx^y^ - 2fur, — 2t>y, 

— 2wa, + <i =» 0 ; 

therefore ux^ + vy^ + ew, = 0. 

Since this equation holds for all points (a?,, y,, *,) on the 
surface, ■we must have u, v, w all zero. 

Hence, -when the origin is the centre of a conicoid, the 
coefSdents of x, y and z are all zero. 

76. To find the co-ordinates of the cmire of a tmiie&id. 

(ft V, P .lb® Ui® centre of the surface; then if we tide® 
(f) V> P origin, the coefficients of as, y, and z in the tmns* 
formed equation -will all be zero. The transformed ©quation 
■will be [Art 44] 

«(® + D“ + &(y+»7)»+c(z+p* + 2/(y+y)(»+0 
•+2y(^4- P (« + f) + 21i (®+ j) (y + »?) + 2tt(®+f) + 2»(y4-»|) 

+ 2w (a4- P +4 ■■ 0. 


t 



rim vMHTim. $7 

Hence ihe wiiiiititnia giving thn e«'»ritn? iirci 

rlf 4. ii^ + 4 - II s \ 

/if + iifi 4 * f i?saO, 
and ;/f 4*^11 4, 4 . m .. ■• j 

Thereftire 4:. 


i _ 
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« ...■ 
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The ec|iifitinti cif the eriiiirei«l when Id Itie aDitn 

(f» v> ?) ciiigiii in 

+ hf e/ + + %/M f* 2 /i 4 rf 4^d* m 

where if s F(f, i|t f}* 

Multiply ei|iiiiti«iiiii (i| in nrikr liy f ntiil th# 

mini hrom Fi(^ % f); then we Imw 

# « Ilf 4 't ^4 lef 4 if****»«**.****. 4 ^*^l* 
Ftoin (i) aiwl (iii) we have 1 ^ 

I rt , A , ^ , n j » II I 

I /», /, V 

iff, /. e. W 

1 It , 9 , w , tl — d' 

tfjwefwe fi'j a, A, #/ « «, A, jf, u | pv). 

j k, b, / I ; A, A, /, 9 * 

I /* c I ■ fft f , c , w 

i M , p , w , d 
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THE CENTItE. 


The determinant on the right side of (iv) is called the 
discriminant of the function F (ai, y, z), and is denoted by the 
symbol A. 

The determinant on the left side is the diRcriminant of 
the terms in F{x, y, z) which arc of the second degree; it is 
also the minor of d in the determinant A, and, as in Art. 57, 
we shall denote it by D. Equation (iv) may therefore be 
written 

d'D = A (v). 

76. The equations for finding the centre can also bo 
obtained from Art. 68 (i); for (f, y, f) will be the miiUlle 
point of every chord wliich passes tlirough (f, y, f), pro- 
vided 

dF dF dF ^ 

It should be noticed that the co-ordinates of the centre 
are given by the equations 

f S' 1 
r”2J’ 

where U, V, W, D have the same meanings as in Art, 57. 

77. If, by a change of rectangular axes through the same 
origin, aiF + hy^-^ oF 4- %fyz + ’igtm 4- 2/«y 

becomes changed into 

a!iF -f &'y“ 4- Ft? 4- ^f'yz 4- %g‘zx 4- SA'ary ; 
then, since a? 4- y* 4- .a’ is unaltered by the change of axes. 
aa?->r}yj^-\-cF ■v%fyz + lgzx-^%hzy— \(ai*4- y*4- J*)..,(i) 
will be changed into 

aV 4- Sy 4* (f/ 4- 2/'yjs 4- 4- Wtey 

-X(a^ 4* y* 4- «*).'••••(»)• 

The expressions (i) and (ii) will therefore be the ptt)duot 
of linear factors for the same valu^ of X. 


INVAHIANTH. ft; 

The condition thnt fi) h th»; jimlurt «»f iiin nr fjo'toi ^ ii 
I a “X. /« , ff -a U, 

h . b-X. / \ 

a , / , C-X ; 

that is 

X* (tt + & + <•) t- X (h. + r,i + ah ~ ~ tf - /(•) 

— (ahf, f — a/'^ — 4r/* “ <:/»’| ■« 0. 

Tho condition that (ii) i.-* th« pnidtu’t of linojir fnt torn i? 
similarly 

X’ - X* (a 4- 6' + c') 4 X (b't' + At" + a'h' - h '*) 

— (ahn 4 - tf’tfit - - Ihj^ - » 0 

Since the r(K>ts of llw alwa-tj l•M^*i*; «?nM.'itU»iw in X nro tin 
same, the caeUicicnlii miiiit bt* wjnnl. 

Hence the following exprowions nro nnalfi'rcd by any 


terms of the mjcond degree are not altered by tranaforntltig to 
any praltel nxm. 

Now fli* 4* if + at* i» tinitltomi by a change of wetonpilar 
axes threngh the same origin. Hence, when the mci» art «o 
eban^ that 



60 THE DISCEIMINATINO CITBIO, 

CMS* + + cs? + %fyz + 2^^® + 2/mw/ bt*(!oju«*s «,»;* J- jS/ + 72*, 

(zx* + h%^ + + ^fyz + ^Qzx + — X (x* + y* 4* s*) . . .(•)» 

will become 

aa? + + yz* - X (x* + / + 2*) (ii). 

Both these expressions will therefore 1» the proiluct of 
linear factors for the same values of X. The mtiditiim that 
(i) is the product of linear hictors is 


But (ii) is the product of linear farjtors whon X is erpial to 
a, B, or 7 . 

Hence the coefficients o, 7 are the three roots of the 
equation (iii). 

The equation when expanded is 

X*— X® (a + 6 + c) + X (oh + io + ai — /* - y* - A*) 

- {aha + tfgh - af* - cA*) ■ 0 . 

This equation is cidled the dmnmimtttig cubic. 

It should be noticed that the equation is the same «s that 
found in Art. 60. 

79. We proceed to shew how to find the naluro of a 
conicoid whose equation is given. 

First write down the equations for finding the wntre of 
the conicoid ; and from Art. 75 we see that there is a definite 
centre at a finite distance, unless the deteruiiuant 


is«)ea 


CONICOIDS WITH GIVEN EQUATIONS. 
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If D be not zero, change to parallel axes through the 
centre, and the equation becomes 

ao^ + h'lf + 0^ + + "Igzx + ^hxy ^ d' — 0, 

where df is found as in Art. 75. 

Now, keeping the origin fixed, change the axes in such a 
manner that the equation is reduced to the form 

ax^ + + 7 ^ + c?' ~ 0. 

Then, by Art. 78, a, /3, 7 will be the three roots of the dis- 
criminating cubic. 

[When the discriminating cubic cannot be solved, since its 
roots are all real [Art. 64], the number of positive and of 
negative roots can be found by Descartes’ Rule of Signs.] 

Since Dd' = A, the last equation may be written in the 
form Dix^ + -h Dr^z^ -h A = 0. 


Dql 

If the three quantities , 


Dy 


are all negative* 


^ 

A ' A 

the surface is an ellipsoid ; if two of them are negative, the 
surface is an hyperboloid of one sheet ; if one is negative, the 
surface is an hyperboloid of two sheets; and if they are all 
positive, the surface is an imaginary ellipsoid. 

If A = 0, the surface is a oone. 

Ex^lp). llic® + lOt/^ + - Syz + 4:zx - l^xij + 72a? ~ 72y -f- 36^; + = 0. 
The equations for finding the centre ^ ^ ^ 

11 a;- 6i/ + 2 a!-f 36 = 0 , 

- 6a; + 10 ?/- 4 z- 36 = 0 , 

2a;- 4?/ + 6^; + lB=0. 

Therefore the centre is ( - 2, 2, - 1). 

The equation referred to parallel axes through the centre will therefore be 
Ihc® + lOy^ + 62® - 83/2 + 42 fa; - 12351 / - 12 = 0 . [Art. 75 (iii) .] 

The Discriminating Cubic is - 27 X 2 + 180 X - 324 = 0 ; the roots of which 
are 3 , 6 , 18 . Hence the equation represents the ellipsoid 3a;2+6|/2-f 182^=12, 


or 


sc^ z 


-=1. 


We can find the equations of the axes by using the formulae found in 
Art. 60 . The direction-cosines of the axes are -J, 

-I* - j. _ 
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CONICOIDS WITH GIVEN EQUATIONH. 


Ex. (ii). 4.21/+ 8^:2 -te -4^*7/ 4- rl^O. 

The Discriininating Cubic in 6X^4* 3 X 4 “ 14 * 0 . All the foots of the 
cubic are real; hence, by Descarten* Buie of Higns, there arci two iMwitlw 
roots and one negative root. The surface is therefore an hyix^rbijloifi of 
one sheet, an hyperboloid of two sheets, Of a cojie, according as d is 
negative, positive, or zero. 

80. Next suppose that D = (). Then the three planes 
[Art. 76 (i)] on which the centre lies will not intersect in a 
point at a finite distance from the origin, and we shall have 
three cases to consider according as the planes mi^et in a 
point at infinity, or have a common line of iiiteraection, or 
are all parallel to one another. These tlireo cases we shall 
consider in the following Articles. 

It should be observed that when i) « 0 one root of the 
discriminating cubic is zero. 

81. The conditions that the planes whose equations are 

ax’^hy-^gz-^u « 0 , 
hx -p hy +fz -p ti « 0, 
and (jx +fy -P 0, 
may he parallel arc 

aha % h b f 
h h J f/ f 0 

These conditions may be written ^ 

af’^gh, bg^hf, ck»»fg (i). 

Now these axe the conditions that the terms of the second 
de^ee should be a perfect square ; and when this is the case 
it is obvious on inspection. 

When the terms of the second degree are a perfect 
square, the general equation can be written in the form 

fgh {^+ I) + ti «» 0 (ii). 

If the plane rw; -f- + wx =« 0 is parallel to the plane 




4. £ x 


- A ■ 
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the equation (ii) will represent two parallel planes : the con- 
ditions for this are 

uf=vg=wh (iii). 

If the conditions (iii) are not satisfied, the equation (ii) is of 
the form Ay^ 4- Bx = 0, 

which represents a parabolic cylinder whose generating lines 
are parallel to 3 / = 0 , =• 0 . 

Hence the general equation of the second degree repre- 
sents a parabolic cylinder whose generating lines are parallel 
to the line 


tJd Xt iS 

4. i 4. « = 0, ux-^ry-^wz^O, 
f 9 ^ 

provided the conditions (i) are satisfied, and that (iii) are not 
satisfied. 

The latus-rectnm of the principal parabolic section can be 
found by the same method as that employed in Oonice, 
Art. 172.' . " 


Ex. Eind the nature of the conicoid whose equation is 

4a;2 + 1/2 -j. 4^2 - 4^^: + 82:0; - + 2a5 ~ 42/ + 5^! + 1 = 0. 

The equation is 

(2a; - 2/ + + 2a; - 41/ + 5z + 1 = 0. 

This isliiuivalent to ^ 

(*2a;--i/ + 2« + X)2=a;(4X -2) -y (2X-4)+2;(4X~ 5) - li#-^ 

The planes 2a;-y + 22+X=0, and a(4X--2)-2/(2X-4) + z(4\~5)-l=0, 
will he perpendicular, if \=1. Hence the equation of the surface may he 

written (2a;-y + 2a!4'l)^=2a;-l-22/-2;-l/'b 

/2£-|H-2£H^Y _ I 2a; + 2y 
\ ^ |/ * 3 ’ 

Hence, taking 2a; ~ 1^ + 22 + 1 = 0, and 2a; 4*22/ - « ~ 1 = 0 as the planes y = 0 
and af=0 respectively, the equation of the surface will be 



Hence the latn^rectum of a ]^incipal parabolic section is 5 . 

o 
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82. Next suppose that the three jiliiiieM on wliidi the 
centre lies are not all parallel, but that tliej have a eoirmion 

line of intersection. 

If we take any point on the line of contrei for origiio the 
equation will take the form 

-f h\f + -t ^Igzx + thxy 4 . rf' * I). 

Then, keeping the origin fixed, by traiiiformatioti of iixts 
the equation will be reduced to the form 

ad + + dr' » 0 

One root of the discriminating cubic k xero, siricii 1) » Cl ; 
and the roots a, 0 are given by tlie 0C|uiiti«ii 

X® — X** (a + & + 0 ) 4- X (6c + ca 4 ab — f* if ^P)m 


If d' = 0, the surface represented by the (i) m 

two planes, real or imaginary. 

If d! he not zero, the surface is a cyliiuler. 

The conditions that the three planes 
as 4 - hy 4 - *« 0 , 

tm ’^r by 

9^"^ ^ + c-r 4 » Of 

may have a common line of intenieetioii, are by 

jl«Ch [Art. 18] 


1 a, 

hi 

g. 

u i! 

1 s 

1 h, 

b. 

L 

® 11 

1 

/. 

c. 

w !1 


thatis, C7»F«IF«D«Cb 


Ex. Pind &© nature of th© coaleoid whoi® iqimtioii !« 

-t IBzz - Bxg 4 96* Mg - 8# 4 ICII m 0, 

The equations giving to Ointre ar© 

S2^-^4f-.8«448«e, 

— 404 f *“10*0, 

^ S0 44t- 4*0. 

Hence thare is a line of omfctts. Find on# pirfal- c« llw li»«» for itwwpli 
Pt to, 1), and 0 h»ge to c«rifin to to poial (% 10, l]i s to W'. 

toateoom© i20®4r44«®-lto--&»ml* 
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I^iscsriminating Cubic is X^-S7\^ + 84X=0. One root is zero, and the 
-fcwo roots are positive ; hence the equation is an elliptic cylinder. 

axis of the cylinder is the line of centres ; and its equations are 
a: ‘^-10 _z-l 

2 ' 


83- If the planes on which the centre lies meet at a point 
we proceed as follows. 

Since one root of the discriminating cubic is zero, the 
oq'O.et'bion can always be solved : let the roots be a, 0. 

JB'ixid the directions of the principal axes of the surface, 
l>y riaoa.n.8 of the equations of Art. 60; and take axes parallel 
■to principal axes. The equation will then become 

4- + 2n'co + 2v'y -f 2w'z + d = 0, 


ox, l>y ^ change of origin, 

ax^ + ySt/® + 2w'z = 0. 


Ilonce the surface is a paraboloid, the latera recta of its 
I>rinLcipal parabolic sections being ^ and . 


Ex- IFind the nature of the surface whose equation is 
- 63 /^ - - 7a; - 5^ + 6 z + 3 = 0. 

■Ebio TDisoriminating Cubic is X® - 3X^- 18X=0 ; the roots of which are 6, 

— 3, O. 

1 1 2 

direotion-cosines of .the principal axes are ^ ; 

^ ; and ^ ^ Hence to find the equation referred to 
aixes 3 pfitxadlel to the principal axes, we must substitute 

X y z ^ y 

•Ji . 

Wmm ^9 z The equation wiU then become 


fiic® - 3 ^ 2 4^6a; - 2;^y8y - H- 3 = 0 ; 
ox» *by oliangiiig the origin 6a^-3y2- A/2z=0. 

GPlxxis iiloue surface is a hyperbolic paraboloid, the latera recta of the principal 
X>a>3ratl>ol£bS being ^*^2 and i^2, 

s. a. 


5 
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coNDinoisr for a con a 



84 It follows from Art 75 (ii) and (iv) that when i) is 
not zero, the necessary and siifHcient condition that thc^ 
surface represented by the geneml equation of the secotal 
degree may be a cone is A = 0. 

When A = 0 and also i? = 0, then will U, V and W bti 
all zero^: hence [Arts. 81 and 82] the surface must be either 
a cylinder or two planes; and cylinders and planes are 
limiting forms of cones. Conversely, when the surface re- 
presents a cylinder, or two planes, U, F, If and I) are all 
zero, and therefore also A = 0. 

Hence A = 0 is the necessary and sufficient condition 
that the surface represented by the geneml equation of the 
second degree may be a cone. 

85. To find the conditiom that the surf am represent&l by 
the general equation of the second degree may be a surface of 
revolution. 

We require the condition that two of the roots of the dis- 
criminating cubic may be equal In that case 

ao^ + c/ + %fyz -f tgzw + thxy 
can be transformed into 

ay*-f 7/. 

Hence 

oa? + 6/ + 0/ -f 2/y^ + 2 gzx + tfmy — X («* + / + /).. » (i), 

♦ TM» can be proved as follows: 

Webave 

' And, sinee a determmant vanish^ when two of Ite »ws wt 

bave also 

ftCr+ar+^)r+tiD»o, 
hXJ’¥hV-¥fW'^vnmO, 
and 0‘U'¥fV'¥eW-¥wBi»O, 

Hence when A=0 and D=:0, unless 17, F, IF sxb all s«o, m can iltolntli 
Uf V, W from the first equation and any two of Ibi otbm t m lli«i 
'obtain three determinants wbi<h are all a«o ; but ii^ determlnanli $M 
H, K and W, 
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can be transformed into 

ao^ + (ky^ 4- 7^* — X 4- (ii). 


Now if we take X = a, (ii) will be a perfect square. 

Hence if the surface is a surface of revolution, we can, by 
a proper choice of X, make (i) a perfect square; and that 
square must be 

\p hj (cb — X) -f y \/(6 — iC) z ^J(c X)}^ 

We therefore have 

V(6~X)v'(c-X)=/'| 

tsj{c — }^Aj{a — X) = h I (iii). 

VK- J 

Hence, if f,gy^ he all finite, we have 

(iv). 

f 9 ^ 

the required conditions. 

Let A, any one of the three quantities f g, h, be zero ; 
then from (iii) we see that X = a or X = 6, and therefore also 
y = 0 or /=0. 

Suppose y = 0 and A = 0 ; then X = a, and the condition 
for a surface bf revolution is 

(6-a)(c-a) =/* (v). 

Examples on Ohaptee III. 

1. Determine the nature of the surfaces represented by the 
following equations : 

(i) — + 62 ;®+ 12£i;»; 4- a® = 0. 

(ii) £c®+y -l-j2j® + 4ajy- 2aj;j}4-4y«==l. 

(iii) cc® — ^xy — 2y« — ^zx = a*. 

32a?®+'y®+42? — 16i2Kr~8a:y «1. 

(v) = 

(vi) 2 £gP 4 - 5y* + »* ~ 4£i5y - 2£c ~ 4y - 8 = 0* 


5 — 2 
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EXAMPLES ON CHAPTER HI. 


2 . Find the nature of the surfaces represented by the following 
equations : 

(i) £c® + 2 ^ — 3;s® — + 8 zx — 1 2 x^ + 1=0. 

(ii) + 2y® - 4;s® — 2^z — 2zx 5xi/ - 2« - 2// + s ~ 0. 

(iii) 5aj® - 3/^ + js® + 6ica; + 4 x^ + 2« + 4 y + 6s 8. 

(iv) 2(^ + ay" + -- 4y + 8z - 32 .= 0. 

Find the equations of the of (i), and the latera recfca of 
the principal parabolas of (ii) and of (iii). 

3 . Shew that the equation 

+ + + + + 

represents an ellipsoid tha squares of whofio muui-ajces are 2, 2, 
Shew also that the equation of its principal axis is 

4 . Shew that, if the axes, supposed rectangular, be turndl 

round the origin in any manner, u® + will m unaltori^. 

5 . Shew that, if three chords of a coniwid have the samcf 
middle point, they all lie in a plane, or intersect in tlie centre of 
the oonicoid. 

6. Through any point 0 linei are drawn in fixed directions 
which meet a given coniooid in ijoints P, and Q, Q* rei{>ecftively; 
shew that the rectangles OjP, OF and OQ, OQ* are in a constant 

ratio. 

7 . If any three rectangular axes through a fixed point 0 cut 
a given coniooid in F, F;Q, Q* and J?, M ; thm will 

PF* QQ'^ 

oFTm 

1 1 1 

oFT^r "■ W78^ MZm* 


and 

be oonstantb 




sphere which pntfscs ibrtiugh any four points. 
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THE SPHERH 


If («!„ 2,), (a!j, y„ 2,), («„ y,, 2,), (a; , y., 2,) be the four 

points the equation of the sphere through them will be. 


/c’ + y“ + 2‘, 

X , 

y > 

2 , 

1 

/c,'' + y.’ + 2 ,*, 


Vv 

2„ 

1 



?Ar 

2,,. 

1 



y»' 


1 

<+y*"+C 


y4> 

^4. 

1 


89 . The equation of the tangfjiit plane at any point 
(»', y', 2') of the sphere 'w'hoso equation is ic* + y* + 2* «= a* is 
xx' + yy' + zz = a* [Art. 52 , Kx. 1]. This result can 1 ^ 
obtained at once from the fact that the tangent plane at any 
point {x', y, 2') on a sphere is i>orpendicular to the line 
joining {x', y', z') to the centre. This gives for tho eejuation 
of the plane 

{x—x')x'-hiy — y')y' 4 -(z-z')z'*‘Q, 
or xx' + yy' + 22' = a*. 

The polar plane of any point (af, y', /) can be shewn, by 
the mpthod of Art. 53 , to be 

«»' + yy'+22'-a*, 

90 . It can be easily shewn, that if 18 = 0 be the equation 
of a sphere (where S is written for shortness instead of 

+ y* + 2’ + 2dai + 25 y + 202 + D), end the co-ordinate of 
any point be substituted in 8 , the result will be equal to the 
square of the tangent from that point to the sphere. 

Hence, if 8^= 0, and /S' »= 0 be the equatbns of two spheres 
(in each of which the coefiScient of cf is unity), 8 >»S h the 
locus of points, the tangents from which to the two spheres 
are equal. 

The surface whose equation is /S' - /S’ » 0 passes through ^i 
points common to the two spheres «■ 0 , and /ST «» 0 ; tot, if 
the co-ordinatM of any point satisfy the equations 5 -0 imd 
B' — 0, they will aJ^ satisfy the equation /» - /S' «■ 0. 

Now 8 — 8'=0 is of the first degree,aud tben^ore mfnresents 
Biplane, ^ 1^6 plane throngh tha pointo of inteisiotiott of two 
s^eres is mlled their raiwal pl(xm», 
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We have seen that the tangents drawn to two spheres 
from any point on their radical plane are equal. 

The radical planes of four given spheres meet in a point, 
viz. in the point given by 8^^ where 

S = 0, = 0, 8^ — Q are the equations of the four spheres, 

in each of which the coefficient of is anitv* 

This point is called the radicdl centre of the four spheres. 

Ex. 1. Piud the equation of the sphere whieh has z^) and 

(^ 2 , for extremities of a diameter. 

If (x, y, z) be any point on the sphere, the direction- cosines of the lines 
joining {x,y,z) to the two given points are proportional to sc-orji, y 
z-Zi, and a; - y - z -- z^. 

The condition of perpendicularity of these lines gives the required 
equation 

(a - aj) (a: - Ka) H- (y - Jfi ) fj/ - J/j) + (* - 2i) (2 - %) = 0. 

Ex. 2, The loeue of a point, the sum of the squares of whose distances 
from any numher of given points is constant, is a sphere# 

Ex. 3. A point moves so that tb© sum of tb© squares of its distances 
from the six faces of a cube is constant; shew that its locus is a sphere. 

Ex. 4. J, B are two &xad points, and P moves so that PAta«mPJB j shew 
that the locus of JP is a sphere. Shew also that all inch spheres, for different 
ralues of n, liare a common radical plane. 

Ex. 5. The distances of two points from the centre of a sphere are pro- 
portional to the distance of each from tb® polrn: of the other. 

Ex. 6. Shew that tb® spheres whose equations are 
# + 4* -f- 2ilp -f- 2(1 j “p D = 0, 

and a?^-f-p*+ 2 r*‘+ 2 a^-f 2 %+- 2 ejr-|-d» 0 , 

cut on® another at right angles, if 

2A<i-^2Bh +2(7o-D -d»{). 

91. We proceed to prove someprcjxrfties of the ellipsoid; 
aad we shall always suppose tJie equation of the surface to be 

unless it is otherwise expressed. 

To olitaia tiie properties of the hyperboloids we shall 
only have to make tire necessary changes iu the eig^s of 
i* and c*. 
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We have already seen [Art. 52J that the equation of the 
tangent plane at any point («', y', z') is 


axd ,yy , zii 
;:r+ — 


( 5 ). 


The length of the perpendicular from the origin on the 
tangent plane at the point ((o', y' , z') is [Art. 20] given by the 
equation 

A 

— r= 



Equation (i) is equivalent to ho + my + ?w =»p, where 
I _m' m y' n 

fl*r + bW + (^n‘ 


therefore 


F 


z 

■?> 

..'t 


y 

6* 


T + 4- 


L 


Hence the plane whose equation is fe+»jy +no“p, will 
touch the ellipsoid, if 

p' = aV 4- 4 c*a* (iii). 

92. To find the Ums of the ^nt of interseotion of three 
tangent planes to an elMpsoid imioh are mutually ok right 


Let the equations of the planes he 

l^a!+m^y+n^z<=:J (aH* -f b*m* + <fn’), 
ltiz+m^y+n^Z'~J (aH* + b*m* + 

i, (0 + m, 3( + n, e »* V («V + 

. By squaring both sides of these equations and adding, we 
have m virtue of the relations between tlie direorioU'Cosines 
of perpendicular lines 

(o' + y*4e»-a* + i* + o*. 

The required locus is therefore a sphere. Tbk sphere is 
called the aireotorsphere of the elli|MOM. 

93. normal to a surface at any pohat P is the 
straight line through P ptjrpendicular to the tangent plso® 
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Ex. 4. If P, Q be any two points on an ellipioid, the plana through 
the centre and the line of intersection of the tangent planes at P, Q, will 
bisect PQ. 

Ex. 5. P, Q are any two points on an 0 llips<)id, and pianos through the 
centre parallel to the tangent planes at P, Q cut the chord PQ iu P', Shew 
th&tPF'=QQ'. 

95. The Hue whose equations are 

I m ^ n ~ 

meets the surface where 

{a+lrf , ^ ^ 

+• y, .. 1. 

If (a, ^, 7) he the middle point of the chord, tlia two 
values of r given by the above equation must be equal ami 
opposite; therefore the coefficient of r is zero, so that we 
have 

L“ + >^+22.0, 

or b e 

Hence the middle {joints of all chords of the ellipsoid 
which are parallel to the Hue 

I m n 

are ou the plane whose equation is 




^0. 


This plane is called the dmmstral plmm of tlii line 
X y z 

mm SSf SS <W 

I m n' . 

The diametral plane of lines parallel to the diameter 
through the point (of, y\ a') on the surfiice is 
xai 




ess 




.(i); 


hence the diametral plane of any diameter is parallel to the 
tangent plane at the extremiti^ of that diameter. 



mS'J 1 HtATK IMAM KTKHH 




The contiitioii tlmt thii 
on the diametral plane fi) i» 


{mint (4:', y, :") Hlmuld ix! 


X* 


+” +* 


C|, 


The nymmetry of this n sulf .hIiows that if a fwitit Qlmm 
the diametral plane of O/', linn will /'ho on th« diaimstni! 
plane of OQ. 

Ix!t Olt l«; the lint! of intwrsi^i’tion of tho dtamutrxl 
planes of 01\ OQ ; then, sim’c the (Itametral planes of OP, 

OQ pass through ffli, the diametral plnno t»f Oli will ihism 
through P and through 0, and will tiiondVins Ixj thii pliuio ; 

FOQ,S0 that the plane through any two of the throe lines ' 

OP, OQ, on i»«liametra! to tins third, | 

Three planes are mud to Isj mn/Hifuts when eaeh is ilia- j 

metral to the line of inti*m!etion of ihe otluir two, aw! fchrtai j 

dkmetere arc said ti» la.* coiyugalw wl«*n the plane of any two | 

is diametral to the third. J 


06, If (x.j y,, s,), (x,. »/ 5,) and (x,, y,, *,) be extremities 
ofcotyugttte aiaiiielers, wi* have from Art. h'l, 


, V,, 


«* 


c 

Ml. 


iO 


Mix 

«• 


» J. !iS» 0 

c* 


.(«). 


it.. 
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Now from equations (ii) we see that 


5 

a’ 


Vi 

b’ c’ a 


Va 
b ’ 


?i ■ 


and 

a 


Vi 

b ’ c 


are direction-cosines of three straight lines, and from equations 
(i) we see that the straight linos are two and two at right 
angles. Hence, as in Art. 45, we have 
«,*+«,*+ a?** = a* j 

yy+y'-^y»”^*\ (“O. 

and 


(iv). 

»= 0 ! 

We have also from Art 46. 


j£i 


h 


b’ 


5 


h 
b ’ 


^ j = 1, or 

c I 

£, 

c 


»i> yn ’^oio (v). 

y,i 

y,. », * 



From (iii) we see that the sum of the squares of the nro- 
jections of three conjugate semi-diamotetB of an elliimoia on 
any one of its axes is constant 

Also, by addition, we have, the mm of the squares of three 
mnju^ate diameters of an M/moid is constant. 

From (v) we see that the volume of the paraUelc^ped 
which has three conjugate semi-diameters of <m ellipsoid far 
conterminous edges ts constant. 

In the above the relations (iii) and (iv) wore deduced 
from (i) and (ii) by geometrical^ cnnsiderations. They 
could however he deduced by tire ordinary processes of 
without any consideration of the geometrical meaning «a the 
quantiti^, and hence the results are true for the hyper* 
boloids. 
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97. rie two propositions (1) that the sum of the squares 
three conjugate semi-diameters is constant, and (2) that 
parallelepiped which has three conjugate semi-diameters 
conterminous edges is of constant volume, are extremely 
portant. We append other proofs of these propositions. 
Since in any conic the sum of the squares of two conjugate 
:ii- diameters is constant, and also the parallelogram of 
ich they are adjacent sides, it follows that in any conicoid 
change is made either in the sum of the squares or in the 
ume of the parallelepiped, so long as we keep one of the 
ee conjugate diameters fixed. 

We have therefore only to shew that we can pass from 
7 system of conjugate diameters to the principal axes of 
^ surface by a series of changes in each of which we keep 
3 of the conjugate diameters fixed. 

This can he proved as follows : — ^let OP, OQ, OR, he any 
*ee conjugate semi-diameters, and let the plane Q OR cut a 
ncipal plane in the line 0 O', and let OR be in the plane 
conjugate to OQ ; then OP, OQ, OR are three 
ijugate semi-diameters. 

Again, let the plane POP' meet the principal plane in 
dch OQ' lies in the line OF', and let ORf' he conjugate to 
and in the plane ROR' ; then OP", OQ and OB"^ are 
ni-conjugate diameters- But, since OjR" is conjugate to OP" 
d to OQ, both of which are in a principal plane, it must he 
principal diameter. 

Hence, finally, we have only to take the axes of the 
}tion Q'OF' to have the three principal diameters. 

®8. It is known that any two conjugate diameters of a 
aic will both meet the curve in real points when it is an 
ipse; that cn^ will meet the curve in imaginary points 
len it is an hyperbola ; and that loth will meet the curve 
imaginary points when it is an imaginary ellipse. Hence, 

' transforming as in the preceding Article, we see that 
ree conjugate diameters of a conicoid will aU meet the 
rface in real points when it is an ellipsoid; that om will 
eet the surface in imagittary points when it is an hyper- 
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boloid of one sheet ; and that iwo will meet the surface in 
imaginary points when it is an hyperboloid of two sheets. 


99. To find the equation of an ellipsoid referred to 
three conjugate diameters as axes. 

Since the origin is unaltered we substitute for m, ?/ and z 
expressions of the form lx + my + nz in order to ol)tain the 
transformed equation [Art. 47]. 

The equation of the ellipsoid will tliorefore be of the fonn 
Ax^ + J3f 4- CY f 2Ftjz 4- 2 to 4- 2IIxy = 1. 

By supposition the plane ^ = 0 bisects all chords parallel 
to the axis of x. Therefore if (j?,, z^) be any point on the 

surface, will also be on the surface. Hence 

Gz.w, 4- IIx.y. = 0 for all points on the surface : this requires 
that G‘ = il=0. 


Similarly, since the plane ?/ = 0 bisects all chords parallel 
to the axis of y, we have I£ — F—0. * 

Hence the equation of the surface is 


or 




y 


I, 


where a', 6', d are the lengths of the semi-diamcterii, 

100. We may obtain the relations between conjugate 
diameters of central conicoids by the following method i-— 
The expression 

is transformed, by taking for axes three conjugate diaiiiettis 
which make angles a, yS, 7 with one another, into the 
expression 
od y^ Y 

-75 4 - ■^ + -% + X (as* + y + / + 2^5 cfflS a + 2 *ircos 24 !yeo 8 'y). 

a 0 0 

The two expressions will therefore both split up into 
linear factors for the same values of X. Hence the roots of 
the cubios 


1 


1 


1 
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1 , 

X cos 7 , 

X cos yS 



A cos 7 , 

1 ^ 
y2 4“ A , 

X cos a 

= 0 


Acos/3, 

X cos a , 





e equal to one another. 

Hence, by comparing coefficients in the two equations, we 
ive 

+ + (i), 

+ cV + aV = 6'V® sin^a + c'^a^ sin^yS -f a%'^ sinV (ii)> 

id 

?c = afVc' a/( 1 — cos^a — cos*y 9 ~ cosV 4- 2 cos a cos y8 cos 7).. (iii). 

Therefore the sum of the squares of three conjugate 
iameters is constant ; the sum of the squares of the areas of 
le faces of a parallelepiped having three conjugate radii for 
mterminous edges is constant; and the volume of such a 
arallelopiped is constant. 

Ex. 1. If a paraUelopiped be inscjribed in an ellipsoid, its edges will be 
iraUel to conjugate diameters. 

Ex. 2. Shew that the sum of the squares of the projections of three 
mjugate diameters of a conicoid on any line, or on any plane, is constant. 

Ex. 3. The sum of the squares of the distances of a point from the six 
ads of any three conjugate diameters is constant ; shew that the locus of the 
ointis a sphere* 

lx. 4. If (®82/8^) extremities of three conjugate 

iameters of an elKpsoid, the equation of the plane through them will be 

^<%+^+®j)+|3(yi+y2+y!i) (^+%+*»)=i- 

^ Ex. 5. Shew that the tangent planes at the extremities of three oonju- 
ate diameters of an ellipsoid meet on a similar ellipsoid. 

Ex. 6. Shew that the locus of the centre of gravity of a triangle whose 
ngular points are the extremities of three conjugate diameters of an ellipsoid 
s a similar ellipsoid. 




THE PAEABOLOIHS. 


The Paraboloids. 

101. We have seen that the paraboloids are particular 
cases of the central surfaces; properties of the paraboloids 
can therefore be deduced from the correH{K)nding properties of 
the central surfaces. We will, however, investigate some of 
the properties independently. 

We shall always suppose the equation of the surface 
to be 


102. To find die locus of tfie point of intursection of three 
tangent planes to a paraboloid which are mutually at right 
angles. 

Let Ipi m^y + n^z +p,B> 0 be one of the tangent planes; 
then, since the plane touches tho surface, wo have 

odf + hm^ tx Pj. [Art. 57, n.] 

Hence we may write the equation in tho form 
lp,p) T + n*z + i {alf + bm *) « 0. 

We have also 

Ipj w + »j,«, y 4- n,® s + i (at* + bm *) « 0, 
and Ipf CO + m,7i , y + n*z-\-^ (al* + bm*) ■■ 0. 

Since the planes are at right angles, wo have by addition 

hence the locus is a plane, 

I 

103. The equation of the normal at any point y', «') 

of the paraboloid is A 

« — xb' ^ y — f ^ z — d 
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The rioriniil at s') will pam throiigii the? particuiar 

point (/, h), if ^ ^ 

f ^ <// a — ■#/ h ^ s* 

m t/ — I 

« '(7 

Put each fraction equal to X, ; then 




k'l 




aud substituting in 
we have 


- + •' = i: 

a (j 


The equation in X in of the fifth degree; fliorefbre 
five normals ean be drawn from any point to a imriikdoiti 


104 The rnidclki poirils of mil ehordi of the piiriitKiIoid 
which are piriilkd to tlie liiii? 


w tt z 

sra ' ss -■•■' 

I m H 

are [Art. Sy] on the piano whose tequation i» 

,f/F. dF (IF 

lx nm 

or *-*4 

tt o 


Henee all diametrdl planes are parallel to the axis of tliii 
stirfftce, 

^ It is easy to shew eonversely that all planea |»riik*l 
to the axis are diainetm! pkiieii. 

A line mrallel to tfie m%k of tk# siirfaee ii calkstJ a 
dimiekr. Emry diameter mmiM the liiifaecf in m$ laiint iit 
a finite distance from the ori||ii; and this |aiiiit ii eiilleft tin* 
extremity of the diMneter. ^ * 

a a 0. ' $ 

I 
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and 


The two diametral planes whose equations are 
lx . my ^ 
a 0 
I X 


+^/-n' = 0, 

(I 0 


are such that each is parallel to tlie chords bisected by the 
other, if 

IV mm! _ .. 

— -j — ^ 

a b 

If this condition be satisfied, the planes are called con- 
jugate diametral planes. 

The condition shews that conjugate diametral planes 
meet the plane . 2 ?= 0 in lines which are parallel to conjugate 
diameters of the conic 


a^b 


1 . 


Q'/V 105, If we move the origin to any point (a, j) on the 
/ surface, the equation becomes 


X 

a 0 a 
If we take the planes 


b a b 


x% 


a? = 0, y == 0, and — + ^ , 
a Q 




• 0 


as co-ordinate planes, and therefore the lines 

for axes, we must [Art. 47] substitute 

CUB by m , fiy 

V (a*+a*) ’ VW+^ ' 7W+^*) ^ 7W^> ^ 

for X, y, z respectively. 

The transformed equation is 


a+- 


&+ 




msm. 


m 

This is tiie ecjuatioii to tiie siirfiiea refarrcjcl to ti 
(a, 0, 7 ) as origin, two of the co-ordiiiatt^ iilaiies being {nirnJh*! 
to their original directions, anil the third being thif tangoiit 
plane at (a, 0, 7 ). 

/ Ex. 1. Bhmv tlial tlm lamm of th« Qmirm of |«tiilkfl of a 

^^aral)o!oid m a diameter. 

X Ex. 2. Skew that all pliiries pariillel to Iho aiin of a |iiimlKikii«l cut Ikr? 
^ earfaoe m imrakolas. 

Ex. B. Sk®w tlmfc th® latera rc'cta of all {laralki |»ara'k)lle mmtmm cif a 
pamkolold ar© ©cj[aaL 

Ex. 4. Skew thiil tlw |irci|i«lifin«, firi a idiiri© |»erj»»ii«ll©iilar te Ihii atli 
y of a parakoloid, of all pkmii umimm wldeh ar© not parallid lo lliw axia* aril 
similar eoaiei. 

Ex, 5* P, Q. &n* any tw«> ori a |iitriikokil4, ami tiai pliiiiifi 

at P, Q iatc^rwel in tlio lim* IfA* ; skew that tliw |ilaiie tliroagli iiH and tiai 
middla point of PQ is paralli*! to tin* axis of Ik© parakoioiiL 

Ex. 6. Sk©w ihal two eofijiiicate tadiite on a tliaiaiitef of a partiboloM 
"ar© eqiiidlitaat from Ike uxtreinity of Inal diainoter, n 

Ex. 7 . Shew limt llwt sum of llio lalom n^ta of Ike seetioiM of a 
paralKiloid, ffiarl# by any t%wi ©oiijnnate di^notral plan#* Ikrongli m ixed 
point on tke surface*, coniiianl. 


Cf*NK.H, HI 

106. Th« general equation of a cone of the second 
degree is 

ax* + + CZ* + tfifs + + %hxif « 0. 

The tangent plane at any |)oint («', y*, a') on the 
surface is 

(® - af) {ad + %' + <jd) + (y - /) {hm + i/ +//) 

+ (a - s') {gd +// + cs‘) » 0, 
or 

X {ad + hif + gz) + y {hd -f hy' +,A') + * (y-®* + />/ +• fd) »• 0. 

The form of this t'qnation shews that the tang«»nt plane 
at any prant on a jaowffl through its vertex, a» js geo- 
metrically evident from the fact that the generating line 
through any pennt is one of the tangent linos at that |s»i«t, 
and therefore lies in the tangent plane. 

0-2 
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107. To find the condition that the plane lx+mij+nz=0 
may touch the cone whose equation is 

ax^ + Jy® -f cz^ + %fyz + %gzx + %hxy = 0. 
Comparing the equation of the tangent plane at the point 
{x\ y\ namely 

a* im' + hy + gz) + y (hx + by' -j- fz*) + -s' {gx -^fy + cz) = 0, 
with the given equation, we have 

ax' + hy -^gs! _ h x' 4- b y' -^-fz' _ gx! \fyjr^ cz' 

I m ^ n * 

Put each fraction equal to — X, tlien 
ax' + hy' gz' -f* XZ = 0, 
hx -i- by' + fz' -f Xw == 0, 
and gx' ^ fy' + cz 4- Xn = 0. 

Also, since {ai, y', /) is on the plane, 
lx' 4- my' 4* nz* = 0. 

Eliminating a!, y', /, X, we have the required condition 
a, A , y, Z 1 = 0, 

A, 6 , /, m 

Z , m, n, 0 I 

or AP 4 Bm^ 4 Gn^ 4 'iFmn 4 2 4 2 Jffm « 0, 

where -4, B, C, &c. are the minors of a, 6, o, &c. in the deter- 
minant 

a, A, g , 

A, 6, / 

f i ^ 

lOS. ^ If through the vertex of a given mne lines be drawn 
perpendicular to its tangent planes, thow lines gentrate 
another cone called the redproeal cone. 

The line through the origin perpendicular to the pka# 

te4?w4n^? «0, is jas i . 

i m n 
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Hence, from the result of the last article, the reciprocal of 
the cone 

Oic’ + Jiy’ + o«® 4- 2/5/2 + tgzio + 2hxy — 0, 
is Aa? + By^ + Ce^ + tfyz + 2Gzx + 2Hxy = 0. 

Since the minors oi A, B, O, &c. in the determinant 
lA, II, G. 

Iff, B, F\ 

\g, f, c 

are proportional to a, b, c, &c., we sec that the relation be- 
tween the two cones is a reciprocal one. 

As a particular case of the above, the reciprocal of the 
cone 

•2 ^ g 

4- 6/ + — 0, is — -f 4* 0. 

a b c 

From this we see at once that a acme and its reciprocal 
are co-aodal. 

109. To find the condition ihaJt a com may have three 
perpendicular generators. 

Let the equation of the cone be 

aod 2/w?y « 

If the cone have three perpendicular generators, and we 
take these for axes of co-orclinates, the equation will [Art. 78, 
Ex. 4] take the form 

...(ii). 

Since the sum of the co-efficients of and is an in- 
variant [Art. 79] and in (ii) the sum is 2;ero ; therefore tho 
sum must be zero in (i) also. Therefore a condition 

h , 

+ ....(Hi), 

If the condition (iii) is satisfied there are an infinite 
number of set» of three perpendicular genemtom For take 
any generator for the axis of m; then by supposition any 
point on the line y « 0, « « 0 is on the siirmce ; therefore the 
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co-eflScient of is zero, so that the transformed equation is of 
the form 

Sy + %fyz-\‘2gzx-\- Ihxy = 0 (iv); 

and since the sum of the co-efficients of a?, is an in- 

variant, we have 6 + c = 0. 

Now the section of (iv) by the plane a? = 0 is the two 
straight lines 

Z>y -f = 0 ; 

and these are at right angles, since 6 -f c = 0. 

110. If a cone have three perpendicular tangent planes, 
the reciprocal cone will have three perpendicular generators. 

Hence the necessary and sufficient condition that the 
cone 

aa?® + by^ + cz^ + %fyz + "^gzx + 2hxy = 0, 

may have three perpendicular tangent planes is 

(7 = 0. 

Ex. 1. CP/ CQ,, CB. are three central radii of an ellipsoid which are 
mutually at right angles to one another ; shew that the plane PQB touches 
a sphere. 

Let the equation of the plane BQB be Ix+my +nz=p. The equation of 
the cone whose vertex is the origin, and which passes through the intersection 

of the plane and the ellipsoid ^ ^ ^ 

By supposition the cone has three perpendicular generators; therefore 
11 1_ 1 
a2 + j3 + cs-^a- 

Ex. 2. Any two sets of rectangular axes which meet in. a point form six 
generators of a cone of the second degree. 

Ex. 3. Shew that any two sets of perpendicular planes which meet in 
a point all touch a cone of the second degree. 


^ 111. To find the eguation of the tangent cone from my 
yrpoint to an ellipsoid, 

^ Let the equatiou of the ellipsoid be 


TANGENT CtiSr.. 


m 


li6t tlie c0*c>rcliriateii of any two I\ Q Ih;* f/\ / 

f/', s' reBpectivi^ly, 

The C0-ordi nates of a {'iniiil iidibli diridir?! PQ in l!io rat: if » 
ft are 

nx 4- nm** n/ 4* n 2 * 4 w i* 

fii + n * m 4 n * m 4 a 
lis point on the elli|moirl^ w(* havii 

tilp'f + 4- (m + nf, 



+ 7«’(^, 4 l)»«. 

If the line PQ cut tln.^ fairfaon in eoinekifint poiiils, the 

• '1^ 

m ecpialiori, eciiiiWerfal m a cjiiailnitic in miiit Imv© 


al moti ; the eciriditiori ftir this is 



fxx*' 

(r^ 


+ ^r+'^ 


>)■ 


Hence, if the peint P (*', y*, i) te fistwl, tins ©>'Or«!inHt«‘« 
any |)oint Q, on nnjy timgcnt lit»u front P to tli« ellipsoid, 
8t satisfy th«j cqnatton 


» iP 

6* 


1' ' 

1 + M + •Ji ' 


0(5 


.1 


ixjd 

\ri* 


r 

, ,y/ . **' 
+• y 


1 -0. 


.(*). 


Hence (i) i« the roiiuircfJ e(|uaticiti of the tangent con*» 
m (»', /, /) to the elfipHoid. 


H2, If we supjatse tiie point (a, y', /) to move to an 
inite distanec, the cose wi!! b^ome a cylinder who*** 
neiuting linos are {tamilcl to tlie lino front tin* rottlr** 
the elli|w>id to the jioint (V, y', #'). 
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ENVELOPINa CYLINDER. 


Hence, if in the equation of the enveloping cor 
sd = ^r, y' = mTy / = 7^r, 

and then make r infinitely great, we shall obtain th 
of the enveloping cylinder whose generating 
parallel to 

m n* 


Substituting Ir, mr, nr for x\ y\ z* respectiv 
equation of the enveloping cone we have 






Hence, when r is infinite, 

W ^ 6* ^ c* ; U‘ cV U’ ^ 6* ^ c* 


113. The equation of the enveloping cylind' 
found, independently of the enveloping cone, in the 
manner. 

The equations of the straight line which is draw 
any point {x, y\ z) parallel to 


are 


l"^ m n* 
x — od __ y — y 
I m n 


The straight line will meet the ellipsoid in 
whose distances from (x\ 3 /', z') are given by the eq 




lx’ 


my 




4 ) 




+ - 


mf 


The straight line will therefore touch the surface 


,0* 




OS 


,W, n\ _ iW .my' t 


EXAMPLES. 


Hence the co-ordinates of any point, which is on a 
tangent line parallel to 

^ ^ y ^ ^ 

I 7)1 

satisfy the equation 

+ 1 -i\ (I J,v£ + ^1) _ ^ m + ?iV _ 0 

which is the required equation of the enveloping cylinder. 

Ex. (i). To find the condition that the enveloping cone may have three 
perpendicular generators. 

The equation of the enveloping cone whose vertex is {aft y\ /) is 


%r t- 


\ /xx' ytf zz^ ^ 


If this have three perpendicular generators the sum of tiie coefBcients of 
an<i ^ Jnust be equal to zero [Art. 100]. Hence (j/, /, the vertex 
of die cone, is on the surfiicc 

n I 1\ /x^ ar® # # 

Ex. (ii). Shew that any two enveloping cones of an ellipsoid intersect in 
pleine curves. 

The equations of the cones whose vertices are {t/f, z^) and (x*\ art 

respectively. 

The surface whose equation is 

+ p: + 1?: - 1 Y r c + ^- + - 1 'i 


(tc^ yf zi’ , 1^ 

passes ihrot^h their common points, and el^rly is two planet. 

Ex. (in). Find the ^nation of the enveloping con© of the paraboloid 
ajjsasO. 

Aw. (a# -I* 4 - 5 k ) (aaf® + 4 * 2z^} w {amf 4 - bf + * 4 

■ Ex. (iv). Find the locus of a point from which lh»i pirpendlcular 
^ ■ tangent lin-^ can b© drawn to the paraboloid 4 4 tx « 0. 

A«f. ab(#4-p*)45l(a4b) r»l. 
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Examples on Chapter IV. 

1. Find the equation of a si^ere which cuts four given spheres 
orfchogonallj. 

2. Shew that a sphere which cuts the two spheres = 0 aiul 

/S^' = 0 at right angles, will cut = 0 at right angles. 

3. OF, OQ, OR are three perpendicular lines which meet in 
a fixed point 0^ and cut a given sphere in tiia points F, Q, M ; 

v" shew that the locus of the foot of the perpendicular from 0 on 
the plane FQB is a sphere. 

4. Through a point 0 two straight lines are drawn jwrpan- 
dicular to one another and intersecting two given straight lines 
at right angles; shew that the locus of <9 is a conicoid whose 
centre is the middle point of the shortest distance between the 
given lines. 

5. Shew that the cone 2&»-f =s 0 

J will have three of its generators coincident with conjugate diameters 

of ^ = 1, if A(F 4rBb^ + iszO, 

^ 

6. A plane moves so tiat the sum of the square* of its 
distances from n given points is constant; shew that it alwap 
touches an ellipsoid. 

7. The normals to a surface of the swond dtgrei% at all 
points of a plane section parallel to a princi|;«I plane, aiiiet two 
fixed straight lines, one in each of the other princi|ml plan«* 

8. Shew that the plane joining the exfcremititi of tirt© 
conjugate diameters of an ellipsoid, touches another ©lllpoici 

9. Having given any two systems of conjugate seml-dkmffteri 
of an ellipsoid, the imrallelopiped which hw any thriie for contor* 
minous edgw is equal to tmat which hm the other three for 
conterminous edges. 

10. If lines be drawn through the centre of an ellipsoid 
parallel to tihe generating lines of an enveloping cone, the con# no 

' formed will intersect the ellipsoid In two platiiM pamllel to the 
plane of contact. 
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11. The enveloping cone from a point F to an ellipsoid has 
three generating lines parallel to conjugate diameters of the 
ellipsoid ; find the locus of F. 

12. The plane through the three points in which any three 
conjugate diameters of a conicoid meet the director-sphere touches 
the conicoid. 

13. Shew that any two sets of three conjugate diameters 
of a conicoid are generators of a cone of the second degree. 

14. Shew that any two sets of three conjugate diametral 
planes of a conicoid touch a cone of the second degree. 

15. Shew that any one of three equal conjugates of an 
ellipsoid is on the cone whose equation is 

(»* + 6= + c=) p 2 

16. i), i^and P, F are the extremities of two sets of 

conjugate diameters of an ellipsoid. If Pg are the per- 

pendiculars from the centre and P, 0, P respectively on the 
plane DPP, prove that 

17. The sum of the products of the perpendiculars from the 
two extremities of each of three conjugate diameters on any 
tangent plane to an ellipsoid is equal to twice the square on the 
perpendicular from the centre on that tangent plane. 

18. The distance t is measured inwards along the normal to* 
an ellipsoid at any point P, so that pr = m®, where p is the per- 
pendicular from the centre on the tangent plane at P ; shew that 
the locus of the point so obtained is 

{a!‘ -my {(^ -my ‘ 

19. Through any point P on an ellipsoid chords FQ, PP, FS 
are drawn parallel to the axes ; find the equation of the plane 
QESj and shew that the locus of iT, the point of intersection of 
the plane QES and the normal at P, is another ellipsoid. Shew 
also that it the normal at P meet the principal planes in (?g, 

^ J_ J_ 

J:>£~ PG,'^ Fa^' 



ti3» wiU 
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20. FK is tlie peri)endicular from any point on its polar 

plane with, respect to a conicoid and this perpendicular meets a 
principal plane in G - ; shew that, if FK, FG is constant, the locus 
of P is a conicoid. • 

21. Shew that the cone whose base is the ellipse ^ = 1, 

€(t 0 

c = 0, and whose vertex is any point of the liyperbok 
= 1, 3/==0, is a right circular cone. 


22. A cone, ■whose equation referred to its principal axes, is 

is thrust into an elliptic hole whose equation is ^3*1 ; shew 
that when the cone fits the hole its vertex must lie on the ellipsoid 



23. In a cone any system of three conjtigate diameters meets 
any plane section in the angular points of a triangle self polar 
with respect to that section. 

24. The enveloping cones which have as vertices two points 
on the same diameter of a conicoid intersect in two parallel planes 
between whose distances from the centre that of th© tangent 
plane at the end of the diameter is a mean pro|»ortiomL What 
is the corresponding proposition for a paraboloid I 

25. Shew that any two enveloping cones inteweot in plan© 
curves; and that when the planes are at right angles to on© 
another, the product of the peiq>endiculars on on© of the pka« of 
contact from the centre of the ellipsoid and the vertex of the 
corresponding cone, is equal to the product of such |>©i^endicukrs 
on the other plane of contact 

26. If a Kn© through a fixed point 0 such that ite con- 
jugate line with respect to a conicoid is fierpandiciilar to it, sliw 
that the line is a generating line of a quadric cone, 

27. The locus of th© feet of the perrMindiculaw let MI from 
points on a given diameter of a conicoid on the polar pkties of 
thwe points is a rectangular hy|>erbok. 
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28. Prove that the surfaces 




^ 4- t 

bf'' 


a, 






will have a common tangent plane if 


» 


= 0. 


29. Prove that an ellipsoid of semi- axes h, c and a concen- 
tric sphere of radius ■■ . , are so related that an in- 

^ JbV-hc%^-ha^b^ 

definite number of octahedrons can be inscribed in the ellipsoid^ 
and at the same time circumscribed to the sphere, the diagonals of 
the octahedrons intersecting at right angles in the centre. 

30. Find the locus of the centre of sections of -f ~ + -a = 1 

a c 

vs* 


X 

“75 

a 


'it 

b'‘' 


31. Planes are drawn through a given line so as to cut an 
ellipsoid; shew that the centres of the sections so formed all lie on 
a conic. 

32. Find the locus of the centres of sections of an ellipsoid 
by planes which are at a constant distance from the centre. 

33. Shew that the plane sections of an ellipsoid which have 
their centres on a fixed straight line are parallel to another straight 
line, and touch a parabolic cylinder. 

34. The locus of the line of intersection of two perpendicular 
tangent planes to ax^ ^b'lf -hcsf = 0 is 

a (b c) 0 (f + b (c + a) c {a ’hb) — 0. 

35. The points on a conicoid the normals at which intersect 
the normal at a fixed point all lie on a cone of the second degree 
whose vertex is the fixed point* 

36. ITormals are drawn to a conicoid at points where it is 
met by a cone which has the axes of the conicoid for three of its 
generating lines ; shew that all the normals intersect a fixed 
diameter of the conicoid. 
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37. Shew that the six normals which can be drawn from 
any point to an ellipsoid lie on a cone of the second degree, three 
of whose generating lines are parallel bo the axes of the ellipsoid. 

38. Find the equjitions of the right circular cylinders which 
circumscribe an ellipsoid. 

39. If a right circular cone has three generating lines 
mutually at right angles, the semi-vertical angle is tair*,y2. 

40. If one of the principal axes of a cone which stands 
on a given base be always parallel to a given right line, the locus 
of the vertex is an equilateral hyperbola or a right line according 
as the base is a central conic or a parabola. 

41. The axis of the right circular cone, vertex at the origin, 
which passes through the three lines, whose direction -cosines are 

Mj), (4, 9^g), (7g, n^) is normal to the plane 


0, 

1, 

1, 

1 

ass 0. 

X, 



k 



Wl,, 


m. 


c, 






42. The equations of the axes of the four cones of revolution 
which can be described touching the co-ordinate planes are 

of f 

sin'^a sin®^ ” si^ ’ 

a, y being the angles ZOX^ and XOY respectively. 

43, Prove that four right conai may be described, |»ssmg 
through three given straight lines intersecting in the SMue pointy 
and that if 2a, 2^, 2y be the mutual inclinations of the stmight 
Hues, the equations of the cones referred to the straight lia« m 
co-ordinate axes will be 

sinV ^ sin**^ ^ gm*y ^ smV ^ eos®^ ^ ^^**1 0 

0? y z * m y « ’ 

eos®a ^ sin®^ cos®y ^ eo/a ^ sin*-!^ 

m y z ^ m y z 


0 . 
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44. Shew that, if P, B be extremities of three conjugate 
diameters of a conicoid, the conic in which the plane PQB cuts 
the surface contains an infinite number of sets of three conjugate 
extremities, which are at the angular points of maximum triangles 
inscribed in the conic PQB. 

45. Shew that, if the feet of three of the six normals drawn 

from any point to an ellipsoid lie on the plane he -f> my + ^ = 0, 

the feet of the other three will be on the plane 

ax by cz \ ^ 

I m n p 

the equation of the ellipsoid being ax^ + + 

46. Prove that the locus of a point with which as a centre of 
conical projection, a given conic on a given plane may be projected 
into a circle on another given plane, is a plane, conic. 

47. If G be the centre of a conicoid, and P {Q) denote the 
perpendicular from P on the polar plane of Q ; then will 

P{Q) G(Q) 

Q{P)'- c{py 

48. The locus of a point such that the sum of the squares of 
its normal distances from a given ellipsoid is constant, is a co-axial 
ellipsoid. 

49. If a line cut two similar and co-axial ellipsoids in P, P ; 
Q, Q'; prove that the tangent plane to the former at P, P, 
meet those to the latter at Q or Q' in pairs of parallel lines equi- 
distant respectively from Q or Q', 

50. A chord of a quadric is intersected by the normal at a 
given point of the surface, the product of the tangents of the 
angles subtended at the point by the two segments of the chord 
being invariable. Prove that, 0 being the given point and P, P' 
the intersections of the normal witli two such chords in perpendi- 
cular normal planes, the sum of the reciprocals of OP, OP', is 
invariable. 






CHAPTER Y. 

Plane Sections of Conicoids. 

114 We have seen [Art. 51] that all plane sections of a 
conicoid are conics, and also [Art 61] that all parallel 
sections are similar conics. Since ellipses, parabolas, and 
hyperbolas are orthogonally projected into ellipses, parabolas, 
and hyperbolas respectively, we can find whether the curve 
of intersection of a conicoid and a plane is an ellipse, 
parabola, or hyperbola, by finding the ecjuation of tlie pro- 
jection of the section on one of the co-ordmate planes, 

■ For example, to find the nature of plane sections of a 
paraboloid. 

The plane ko + mt/ p ^ 0 cuts the ^pariiboloici 
ao^ + bf+2zs=^ 0, in a curve through which the cylindir 

a (my + n-ir -f pf + U^f + Wz « 0 

passes. The plane a; = 0, which is perpendicular to the 
generating lines of the cylinder, cuts it in the conic whoso 
e(juations are ^ = 0, a (my 4* -f p f 4* 5iy + j » 0 ; and 
this conic is the projection of the section on the piano w « 0. 
If n » 0, the projection will bo a parabola ; but, if » be not 
zero, the projection will be an ellipse or hyperbola accord- 
ing as art^ (cm^ + bP) is positive or iiegativet or abPti^ 
positive or negative, that k, according as the iiirface is m 
elliptic or hyperbolic pamMoid. 




AEEA. OF CEKTMAL BECTIOK. 


Hence all sectiens ef a pamlioloiil whi«!li are piiriillol 
to the axis of the surface are paralaiias ; all other sectimis of 
an elliptic parabohacl are ellipses, and of a liyp«»rlK>lic‘ 
paraboloid are hyperbolas. 

Ex* 1 * Find til© tmMtum that th« m&iion of tlit» 

plane h + + 111 + jp 0 tiwij \m a parabola. 

Arm» - 4 * ■ 4 “ •'» 0 » 

« k ' § 

Ex. % Shew that any tangtnl plmm to th© aiiympiollo eon# of a ■eotiiedil 
mwts th# walcoki in two imralltil ilraiglit hiio«, 

115 . To find tijs ctxea mid area of my central plane 
gectian of an elliimfdd. 

Let the equation of the ellipsoid \m 
of „ 

and let the equation of the piano bo 

iic + + na ■» 0 (i). 

Every semi-diameter of the surfiieo whow length i« r Lb a 
generating line of the cone whose equation m [p. Sfi, Ex, Sj 
../I 11 . .j/i n . ./I U „ 


‘)-0......{ii). 


This cone will, for all values of r, be cut by the plane in two 
straight lines which lie along erpia! diameters of the section ; 
and, when r is equal to eitlier semi-axis of the section, these 
equal diameters will comcido. That is, the plane (i) will 
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PLANK SECTIONS. 


From (iv) we see that the area of the section is equal to 
nraho 


116. To find the area of any plane section of an ellipsoid. 

Take for co-ordinate planes three conjugate planes of 
which 0 is parallel to the given plane; then the equations 
of the surface and of the given piano will be respectively 
of the forms 

1 


The cylinder whose equation is 

a? f le . 

if t v't 




passes through the curve of intersectiou of the surface aud the 
plane ; and the area of the section of this cylinder hy z^hm 

TTolU sin ^ I 

V being the angle XOY. The area of tlia section of the 
ellipsoid by ; 2 ^ = 0 is TraV sin r. 

Hence, if A be the required area, and be the area of 
the parallel central section, we have 

Now the tangent plane at (0, 0, o') is o «• c' ; therefore the 
perpendicular distances of the given plane and of the parallel 
tangent plane from the centre are in the ratio of ifc : o'. 

Hence (i), 

where p and p, are the mrpendicular distances of the given 
plane and of the parallel tangent piano from the centre. 

This gives the relation between the area of any section 
^d of the parallel central sectimi; and we Imve foumi 
in Art. 115, the area of any central sectiOT. 



HP 


FLANi Bmmom. 


Hence the mcm of the section of the"Cj!li|>8oiil whoso 
equation, referred to ita principal axes, is 


+ , a ’i- “ A, 


made by the plane whose equation is 
fo "f my -I” nz 

p* 


V(aT + 6V 


6*»i* + cV> aV + 6'/«* + fi 

. Trade I 

Pq » a^f 4* d W 4 


[Art. 115], 
[Art. 01]. 


Ex. 1, To find tha ar«a of th® iwilicm of a paraboloid by any plaoii. 

Let tti© agnation of the |»rabol 0 lcl be ri^.|*%®HhS«£a0/afMl let 
tion of the ^fcion ba + *f iii-fpsaO. Tho projtcstiori of ll« i«lloti on 
the plane ««0 is the eonie 

4 (f^ 4 +p) e, 

^ - sr*- K*' “ “ K« ^ T '*■ ®^'') • 

The area of the projection ia 
and tibartor# [Art. tlj the arm of tli® ioetloa in 

«i7rst5*T+«^»!- 

Ex. 2. To find th« mm of the i^lloa of tib# mm + iff 4 ^ » 0 lit lli« 

ft ff 0 

pta# to4»f 4 «s»p* 



^ rp* 

(«l^4ft»#4«^ 

li. S. H s^tlooi ^ m ollipsoli hi of ii«|t 
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PLANE SECTIONS. 


Let the area be , and let the equation of one of the planes be 
lx+my-^nz=^0, 

TTObC 


Then we have 


s/{aH^ -H + c^7i^) 

aH^ + + chi^ = 


irahc 

~'^d * 


{a2 - d2) f» + (62-^9) m3 + (c® - 

This shews that the plane lx+my+nz = 0 always touches the cone 

yt. 


117. We can find, by the method of Art. 115, the area 
of a central plane section of the surface whose equation is 
aa^ H- 6y* -H + %fyz + %gzx + "ihxy = 1. 

For the semi-diameters of length r are generating lines of 
the cone whose equation is 

~ ^ ~ p) 2^ + ~ p) ^ 2/y^ 4- -4 2Ary = 0. 

When T is equal to either semi-axis of the section of the 
surface by the plane 

lx 4 my + nz — 0, 

the plane will be a tangent plane of the cone. The condition 
of tangency gives, for the determination of the semi-axes, the 
equation 


a 



h. 




ll^O. 


^ 1 

9’ f> c-;;.- « 

I , m, n, 0 


This result may also be obtained by finding the maxi- 
mum value of af-+^+z‘sr^, subject to the ojaditions 
(ui?+ hy* + 0 :^ + 2fye +2gza! + ihict/ <=1, and la> + my+nz’»0. 
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118. To find the directions of the axes of any central 
section of a conicoid. 

Let the equation of the surface be 

aa? + 4- 2fyz + ^gz(c + ^hxy = 1, 

and let the equation of the plane be 

lx 4- my + nz = 0, 

Then, if P be any point on an axis of the section, the line 
joining P to the centre of the section will be perpendicular 
to the polar line of P in the plane of the section. 

Hence, if P be (f, tj, f), and if the direction-cosines of 
the polar line be X, /i, v, we have 

4-*^?=0 (i). 

Also, since the polar line is on both the planes 
X (a| 4- Ii/n 4- yf ) 4- 1/ {h^ 4- by 4-/0 4- ^ (gi 4-/; 4- c5) * 1 , 
and lx 4- my + nz^0, 

it is perpendicular to the normals to those planes ; hence 
X (af 4- At; 5^0 + yu. (A| 4- bv +f^) + v(g^ -hfr) 4- cO = 0. . .(ii), 
and XI + yu.m 4- w = 0 (hi). 

Eliminating X, fM, v from the equations (i), (ii), (hi), we 


have 


I. ’7. K 

o>%-¥ht\ -V g^, h^ + hr]-^ jX, gi+fy + c^ 

I, m, n 



0 . 


Hence the required axes are the lines in which the given 
plane cute the cone whose equation is 


X, y, z 

m-^hy-^’gz, hx by -^fz, gx+fy^ cz 
I, m, n 


a 0, 


119. To find the angle between ike asymptotes of any 
pUme section of a conicoid. 

Let 0 be the juigle between the asymptotes of the plane 
section, and let the semi-ax^ of the section be a, 0. 
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CONDITION FOE RECTANGULAR HYPERBOLA. 


Then tan ^ ~ 1 ” 5 

A Ol 

This gives the required angle, since we have found, in the 
preceding articles, the axes of any plane section. 

Ex, 1. Find the angle between the asymptotes of the section of 
02^=1 by the plane + n 2 = 0 . 

The semi-axes are the roots of the equation 

71^ 


tan^ 6 — - : 


. , m® n-\ 

- 4a&c (- + -—+ - I 

therefore t an^ 0 y ,, . 

{r^ 4- 7*2^) {l^{h + c) + m*(c + a)-fn2(aH-6)}2 

Ex, 2. To find the condition that the section of the conicoid 

aa^+.hy^-i-cz^+^fyjs + 2gzx‘^2hxy=l 

by the plane lx-hmy+nz=Q may he a rectangular hyperbola. 

The square of the reciprocal of the semi-diameter whose direction-cosines 
are X, /*, v is given by 

^ = aX^ -I- hfj.^ 4- -b 2 ffiv + 2gv\ 4- 2h\fz. 

Take any three perpendicular diameters; then we have by addition 
111 

Now, if r,, Tg be the lengths of any two perpendicular semi-diameters of a 
rectangular hyperbola, = 0. 

Hence for any semi-diameter of the conicoid which is perpendicular to 
the plane of a section which is a rectangular hyperbola, we ^ve 

i=a4-64-c. 

The required condition is therefore 

aJ^-h 4- 4* 2 frm 4- 2pnZ + 2 him = a 4- b 4- c = (<1 -f 5 4- c) ( P -f- m® 4- #). 

Ex. 8. Shew that the two lines ^ven by the equations a# 4- 4 * 0 ^= 0, 
Iflc 4- w^+jw=0 will be at right angles, if 

Za(6+c)4-w^ (c4-a) 4- a® (a4-b)=0. 

The lines are the asymptotes of the section of the oomi^fid uaj® 4- 4- 1 

by the plane la? -b my 4- = 0. 


CIRCULAIt HECTIOKa tO;i 

120. If two conicoidk ham om plwm Bection in common 
all thmr other pmnta of interaedion m m another plane. 

Let the equations of the common plane section be 
a*/ -I- +• fimp 4- 2ax -f tvp -f c » C), 0. 

The most general equations of two eonieokls which pans 
through this conic are 

+ hif 2/ijpy -f ^ux 4- ^mj Hh c 4- {lx 4“ my 4- nz 4-p) » 0, 

and 

4- 4 - thxy 4* 4- tmj z (tx + m'y 4* n*z 4* p*) » 0. 

It is clear that all pants which are on k>th snrftices^ and 
for which z is not zero, arc* on the plane given by the 
equation 

& 4“ mp 4“ nz 4* *s f a? 4- mp 4* nz 4“ p' ; 
this proves the proposition. 


OinCULAE HI'JC'TIOKS. 


12L To find the circuhr amkom of an ellijmouL 

Since parallel Eceticins are similar, we iietci only coriiidir 
the auctions through the centre. 

Now all the semi-cliarnuters of the ellipsoid which art of 
length r are geriermtirig lines of the cone wn<«ii iqiiaticin m 



If there ha a eirctiliir section of radius r, iin infinite 
tiitinber of piiamting lirici of the m>m will lie on the plane 
of the section ; hence the cone mmi ho two plan®. Iliis 
will only he the case when r is equal to a, or 6, or o. 

If r «% the two plariei pans throngli tfti aiii of #, thtir 
equation l»ing 

(I* ”■ i) '*■**(?*“ a') " 
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CIRCULAR SECTIONS. 


The equations of the. other pairs of planes are respectively 



-(iii)- 

Of these three pairs of planes, two are imaginary, F or, 

11 11 

if a, 6 , c be in order of magnitude, — 2 5 tia^ve 

O CL C CL 

the same sign, and therefore the planes (i) are imaginstry ; 
for a similar reason the planes (iii) are imaginary. Hence, 
the only real central circular sections of an ellipsoid p^s 
through the mean axis, and their equations are 


X 


f"*- 


Since all parallel sections are similar, there are trwo 
systems of planes which cut the ellipsoid in circles, namely 
planes parallel to those given by the equation (iv). 

If 0 = 0 the two planes which give circular sections nre 
coincident. 


122. If the surface be an hyperboloid of one sheet, we 
must change the sign of 0 * in the equations of the la.st 
Article. In this case the planes which give the real circular 
sections are those given by equations (i), a being supposed to 
he greater than b. 

If the surface be an hyperboloid of two sheets, we mmst 
change the signs of and o'". In this case the planes wliioh 
gjive the real circular sections are those given by equa^tioa 
(ii), b being supposed to be numerically greater than 0 . 

123. If a series of planes he drawn parallel to eitkiftr 
of the central circular sections of an ellipsoid, these plsmefi 
will cut the surface in circles which become smaller a^ncl 
smaller as the planes are drawn farther and farther firorii 
the centre; and, when the plane is drawn so as to touchi 'fclio 
ellipsoid, the circle will be indefinitely small. 
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Def. The point of oonUwJt of a piano which elite 

a sur& 43 e in a point-circle is called an umbilie. 

124 Any two cinmlar mciiom of oppoBite system wm on 
a ^kere. 

The circular 8t*ctioTiH of the ellipsoid are paralktl to the 
planes whose equations arcj 

Hence 4 , + ;,.^0. 

\/6? " " c*) ^ 

are the equations of the plioieH of any two circular sections of 
opposite systems* 

The equation 


i + /.+ . 

«•* b n 




XB, for all values of X, the e(}Uii.tion of a couicoul which paswxH 
through the two circular sections ; and, if X ■» 1, tho etjxmtion 
represents a sphere ; which proves tho proposition, 

125. We can finxl the circular sections of the paraboloid 

,.V*. 


£ + . 
a ^ b 


> 22 , 


hy writing tlie exination in tho form 

■ + «*— 2««) +y* (|“ ^) ~ “ 0. 

It is clear that the two planes given hy tho e(|[uation 

CTt the paraboloid where they cat the sphere wlmse erpialiori 
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and, since the planes must cut the sphere in circles, tliey will 
cut the paraboloid in circles. 

We can shew in a similar manner that the planes given 
by the equation 

will give circular sections of the paraboloid. 

Of the two pairs of planes given by th(» ecpiations 

one will be real, if a and h arc of the mine sign ; but both 
pairs of planes will be imaginary if a and b are of different 
signs, so that there are no circular sections of a hyperbolic 

paraboloid.* 

Ex. 1. Shew that the oonicoid whose equation in 

(v4 4- X) xH ( ^ 'h X) 4* (C 4 X) s'-* ^ I , 
has the same cycHc planea for all values of X. 

Ex. 2. Shew that no two parallel eireiikr of a ermtixiid, which 

is not a surface of revolution, are on a sphere. 

Ex. 8. Find the circular sections of the coiiicolii whose wpaiioii ii 
4- 4- 4- 2/Vr 4- 4 2krtj ..5 1 , 

All semi-diameters which are of length r are generating lints of tlit mm 
whose equation is 

" ys) J'* + j** + V !/‘ + ■ ■ (*)• 

If tiierefort r is the radius of a circular acction, thii cone t#« Iwo 
planes. The condition for this is 


If w® suhstitote in fi) any cm® of th« wote of the rqiatbu fill, wit ih§Ii 


Ex. 4. Find a® fmi drcular seclinn* of lh§ itifte* 

(I) 4#^ 4* + # + ip 4 m fc-: I , 

(ij 4rf «1» 
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Am$, |i| iiktiei ftftralkfl to 
fill |ikiiw imralltl to 

Ei. B, Fifiii the tliat tfet piiitii 

Ix-f -fwisOj 

maj mi im conlooiil 

IIX® + + €2^ 4 * ^/i/i 4 %gzx -I- 2 to » 1 

in • clrefe* 

A« in E*. i» IIm! 0c|tiallott 

mint, tor mmn %-^lm <if 7 , twi> j»kn«« of wliteii th<j given plan© is on© 

f lii «|«Ayiin siii»l llii-ri?tor# bn the imiiie as 

If +£(''-^,) +;• («-^)} - 0 . 

B| i»»pMiiig lilt «f ^ 1 , rx, xg we have 

5 (c-J,) + £( 6 „^)^ 3 /, 

anil two if»lliir 

Iliiioi lh« ri^inlrtd »»iitfeni am 

W 4 - 2^a 4‘ r< a® - nm'^ -f - Mlm 



1211 Wii %¥ill eoiieltide thin chapter by the solution of 

iwci esatnpltm., 

Elf* 1» IFifA mpxrd gitifii O ttn a cmimdd a$ and pUm$ sectiom of 

Urn emimid fm hmm^ etpne* arg drmrih^d; $h$m that Urn wnm axe cut by my 
piam fttfuM#! I# ilm: imngmi plmm at O im a eyeicm of eimilwr conics. 
fCliatlsMi*| 

fto ©f a i^tormdi to llirti eonjttgato diametocs as axes, 

!• fif I* 




4 ’tt*® 1 # 


Hi;*fi« III# ^iiiftlioo, wlifrrf to ipamlkl axes throngh to© extremity of on© of 

Hill ilnffltlWt will It 


f*+^+** 

a**0*t» 


A 

4 -,••• « 0 . 


Till# Wii will l*l« for to« ^ewlioii ef llie «nrfa«, the eommon vertex of toe 
mmm itlaf tot ©tigin* .I««t Ix+wy 4i«*l to llw efnation of any plane 

»#«lloo I IIWB III# mm wtti to 

^ ^ . 
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The section of this eone by the plane « = ft is clearly similar to the conic 
which proves the proposition. 

Ex. 2, Wtth a fixed point 0 ona conicoid for vertex, and a plane section 
of the conicoid for hose, a cone is described; shew (i) that if the cone have 
three perpendicular generating lines, the plane base will meet the normal at 0 
in a fixed point; and (ii) that if the normal at 0 be an axis of the cone, the 
plane base will meet the tangent plane at 0 in a fixed straight line. 

The most general equation of a conicoid, when the origin is on the 
surface and the plane is the tangent plane at the origin, is 

ax^ + hy^ + cz^ + 2fyz + ^gzx + 2 7ixg -\-2z=Q, 

The equation of the cone whose vertex is the origin, and which passes 
through the points of intersection of the conicoid and the plane 

lx-{-my-^nz^l 

is + ly^ + cz^ + 2fyz + ^gzx + 2hxy + 2z{lx-^my+ nz) = 0. 

Now the condition that the cone may have three perpendicular generating 
lines is 

+ c + 2/1=0 

This shews that the intercept on the axis of z is constant ; which proves 
(i). The conditions that the axis of z may be an axis of the cone are 
[See Art. 60] ^ + 1=0, and/+m=0. Hence the plane meets the axes of x 
and y in fixed points; which proves (ii). 


Examples on Chapter V. 


1. Shew that the area of the section of m ellipsoicl, by 
a plane which passes through the extremities of three conjugate 
diameters, is in a constant ratio to the area of the parallel central 
section. 

2. Given the sum of the squares of the axes of a plane 
central section of a conicoid, find the cone generated by a normal 
to its plane. 

3. Shew that a plane which cuts off a constant volume from 
a cone envelopes a conicoid of which the cone is the asymptotic 
cone. 
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4. Shew that the axes of plane sections of the conicoid 

<^\y‘ 1 


wliich pass through the line 

I m'~ n 

lie on the cone whose equation is 


/m 

/I 

1\ 1/71 


/I 

1\ 1 fl 

m\ . 

r'l i\ 


'~z)w 

■?)Mr 

05/ 

V' 


■ 7)1 



5, If through a given poiat lines be drawn each 

of which is an axis of some plane section of + cs;® = 1, 

such lines describe the cone 

a (6 _ c) -3_ + 6 (c _ «) -^o— + c (a - 6) = 0. 

^ ^ 'y-y^ ' 

6. If the area of the section of 

2/* o 

0 c 

be constant and equal to a®, the locus of the centre is 


i) ■ 


7. If a conic section, whose plane is perpendicular to a gene- 
rator of a cone, be a circle j the corresponding projection of the 
reciprocal cone is a parabola. 

8. Shew that the principal semi-axes of the normal section 

of the cylinder which envelopes 6*c V + cVy® + = a^6V, and 

whose generating lines are parallel to 


X 

m n' 


are the values of r given by 


^37 
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9. Shew that the section of 

__ 2a; 

by the plane Za; 4 - = 0 is a rectangular hyperbola, if 

10. Shew that all plane sections of 

a 0 

which are rectangular hyperbolas, and which pass through the 
point (a, y), touch the cone 

^ (“zyT. = 0. 

a b a—h 

11. Find the locus of the vertices of all parabolic sections 
of a paraboloid, whose planes are at the same distance from its 
axis. 

12. Shew that, if the plane + + m = p cut the surface 

003 * + = 1 in a parabola, the co-ordinates of the vertex 

of the parabola satisfy the equation 

I \h cj m\c aj n \a oj 



13. The area of the section of {ohc/gK^xyzY = 1 by the plane 
which passes through the extremities of its principal is 

27r / ^ "t c\ 

14. A cone is described with vertex h) and base the 

section of the surface + 6y* + = 1 made hj the plane £» ss 0 ; 

shew thattdie equation of the plane in which this cone again meets 
the surface is 


+ + \)-%f{afx-¥hgy^€hz-- 1 ). 
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15. Sliew that the foci of all parabolic sections of 

2 - 4 -^= 5 ?, 

a 0 

lie on the surface 



16. Circles are described on a series of parallel chords of a 
fixed circle whose planes are inclined at a constant angle to the 
plane of the fixed circle. 

Shew that they trace out an ellipsoid, the square on whose 
mean axis is an arithmetic mean between the squares on the other 
two axes. 

17. Shew that if the squares of the axes of an ellipsoid 
are in arithmetical progression the umbilici lie on the central 
circular sections ; if they are in harmonic progression the circular 
sections are at right angles ; if they are in geometrical progression 
the tangent planes at the umbilici touch the sphere through the 
central circular sections. 

18. Points on an ellipsoid such that the product of their 
distances from the two central circtdar sections is constant lie on 
the intersection of the ellipsoid with a sphere. 

19. If the diameter of the sphere which passes through two 
circular sections of an ellipsoid be equal to its mean diameter, the 
distances of the planes from the centre are in a constant ratio. 

20. A sphere of constant radius cuts an ellipsoid in plane 
curves ; find the surface generated by their line of intersection. 

21. The hyperboloid oif — ^ tan® a = a® is built up of thin 
circular discs of cardboard, strung by their centres on a straight 
wire. Prove that, if the! wire be turned about the origin into the 
direction (^, m, w), the planes of the discs being kept parallel 
to their original direction, the equation of the surface will be 

{nx — IzY 4- {ny — rmY = w® tan® a 4- a®). 

22. If a series of parallel plane sections of an ellipsoid be 
taken, and on any sections as base a right cylinder be erected, 
shew that the other plane section, in which it meets the ellipsoid, 
will meet the plane of the base in a straight line whose locus will 
be a diametral plane of the elKpsoid. 
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23. Any number of similar an(4 similarly situated conics, 
which are on a plane, are the stereographic projections of plane 
sections of some'conicoid. , 

24. The tangent plane at an umbilicus meets any enveloping 
cone in a conic of which the umbilicus is a focus and the inter- 
section of the plane of contact and the tangent plane a directrix. 

25. The quadric aa^ + hy^ + = 1 is turned about its centre 

until it touches <»V4*&y + cV = l along a plana section. Find 
the equation to this plane section referred to the axes of either 
of the quadrics, and shew that its area is 

^ V ahc - afUc' 


CHAPTER VL 


Generating Lines of CoNicorDS. 

127. In cones and cylinders we have met with examples 
of curved surfaces on which straight lines can be drawn 
which will coincide witli the surface throughout their entire 
length. 

We shall in the present chapter show that hyperboloids 
of one sheet, and hyperbolic paraboloids, can be generated 
by the motion of a straight line; and we shall investigate 
properties of those surfaces connected with the straight nriirn 
which lie upon them. 

Def. a surface through every point of which a straight 
Ene can be- drawn so as to lie entirely on the surfaccj, is 
called a ruled mrface; and the straight lines which lie upon 
it are called genmxiting lme$. 

A ruled surface on which consecutive genemting lines 
intersect, is called a developable mrfme, 

A ruled surface on which consecutive generating lines do 
not intersect, is called a $km mrfam^ 

128, To find where the straight line, whose acpiatioiis are 

I mn 

jneete the surface whose equatioQ is F {x, y, x) » 0, we must 
substitute a+lr, 0 + mr, and 7 + «r for x, y, z resjMjctiveiy, 
and we obtain the equation F {a + lr, mr, 7 -f ar) ■* 0. 

S. & 0. s 
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If the surface is of the degree, the equation for finding 
r is of the degree ; hence any straight line meets a surface 
of the degree in k points. 

If, however, for any particular straight line, all the co- 
efficients in the equation for r are zero, that equation will be 
satisfied for all values of r ; and therefore every point on that 
straight line will be on the surface. Since there are + 1 
terms in the equation of the degree, it follows that 
A 4- 1 conditions must be satisfied in order that a straight line 
may lie entirely on a surface of the degree. 

Now the general equations of a straight line contain four 
independent constants, and therefore a straight line can be 
made to satisfy four conditions, and no more. 

It follows therefore, that, if the degree of a surface be 
higher than the third, no straight line will, in general, lie 
altogether on the surface. For special forms of the equations 
of the fourth, or higher orders, we may however have 
generating lines ; for example, the line whose equations are 
y = mx and z — np? will, for all values of lie entirely on the 
surface whose equation is = y*. 

If the equation of a surface be of the third degree, the 
number of conditions to be satisfied is equal to the number 
of constants in the general equations of a straight line. 
Hence the conditions can be satisfied, and there will be a 
finite number of solutions. The actual number of stmiglit 
lines ^eal or imaginary) which lie on any cubic surface is 27 . 
[See Uambridge md Dublin Math Journal, Vol iv.] 

The number of conditions to be satisfied, in order that a 
straight line may lie entirely on a conicoid, is three. Since 
the number of conditions is less than the number of constente 
in the general equations of a straight line, the conditions cm 
be satisfied in an infinite number of ways, so that there iwre 
an infinite number of generating lines on a conicoid ; these 
generating lines may however all be imaginary, m is 
obviously the case when the surface is an ellipsoid. 

129. A genemting line on any surface touch« the 
surface at any point 0 of its length, for it passes through a 
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)f the surface indefinitely near to 0; hence the tangent 
to any surface at a point through which a generating 
isses will contain that generating line, 

). The section of a conicoid by the tangent plane at 
lint through which a generating line passes, will be a 
of whicli the generator forms a part ; the conic must 
)re be two straiglit lines. 

ince, through any point on a generating line of a 
id another generating line passt'S, and they are both in 
igent plane at the point. 

e two generating lines in which the tangent plane to a 
id intersects the surface are coincident wlien the conicoid 
ne or a cylinder. 

I. Since any plane section of a conicoid is a conic, any 
which passes through a generating line of a conicoid 
It the surfk^e in another generating line; and Ix^th 
,ting lines are in the tangent plane at their point of 
tction. Hence, miy plane through a gemrating line of 
ooid touches the surface t itn jKiint of contact beinr the 
of intersection of the two generating lines whicn lie 
t. 

L To find which of the conicoids are ruled surfams^ 
a conicoid have one generating line »{>on it, and we 
i plane through that generating line and any point 
he surface, this plane will cut Wm surface in anotlier 
ting line, which in list pass tIiroii]|h F. 
nee, if there be a single generating line on a conicoid, 
will be one, and therefore by Art. ISO, two gerteriitiiig 
brough m$r^ point on the surface, 
s can therefore at once deterniine whether a conicoid 
I not a ruled siirfacci by finding the nature of the inter- 
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in straight lines whose projection on the plane a? = 0 are 

XT 

given by the equation ± 75 ± 2 = 0. These lines are clearly 

0 0 

real when the surface is an hyperboloid of one sheet, and 
imaginary when the surface is an ellipsoid, or an hyperboloid 
of two sheets. 

Hence the hyperboloid of one sheet is a ruled surface. 

The hyperbolic paraboloid is a particular case of the 
hyperboloid of one sheet ; hence the hyperbolic paraboloid is 
also a ruled surface. 

This can be proved at once from the equation of the 
paraboloid. For, the tangent plane at the origin is 2? = 0, and 
this meets the paraboloid a^ + 6y4-22r = 0 in the straight 
lines given by the equations = 0, z = 0 ; the lines 

are clearly real when a and 5 have different signs, and are 
imaginary when a and b have the same sign. 

Hence an hyperboloid of one sheet (including au hyper- 
bolic paraboloid as a particular case) is the only ruled conicoid 
in addition to a cone, a cylinder, and a pair of planes. 

133. To shew that there are two systetm of genemtiny 
lines on a/n hyperboloid of om sheet 

Since any plane meets any straight lino, the tangent 
plane at any point P on an hyperboloid of one sheet will 
meet all the generating lines of the surface, and the points 
of intersection will be on the surfaca But the tangent 

? lane cuts the surface in the two generating lines through 
hence every generating line of the hyperboloid miiit 
intersect one or omer of the two generators PA, PB which 
pass through any point P on the surface. 

Now no two of the generating lines which meet the same 
generator can themselves intersect, for otherwise there would 
be three generating lines in a plane, which is imp0»iblt, 
since every plane section is a conic. 

Hence there are two systems of genemtini lines, which 
are such that all the memDers of one system mterseefc PB, 
but do not themselves intersect ; and all the iineinbers of III# 
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intersect PA^ but do not themselves intersect, 
to position of F is arbitrary it follows that every 

of one of the two systems of generating lines moots 
sinTt>er of the other system. 

If a straight lino intersect aconicoid in tAree points, 
itirely coincide with the surface ; and hence, to have 
••fcixig of a conicoid given, is equivalent to having 
given. 

Q.v'O three non-intersecting generating lines j^ven is 
i equivalent to having nine points given, so that 
3 tlxree non-intersecting generators are sufficient to 
x& t.lie conicoid on which they lie. 
lino meet three non -intersecting lines, it will moot 
tcoitl of which they are generators in three points, 
Ln. "the three points in which it intersects the threo 
id. hence it must itself bo a generator of the surface, 
the straight lines which intersect three fixed non- 
in^ strai^t lines are generatora of the same system 
.cold, and the throe fixed lines are generators of the 
system of the same conicoid. [See A.rt. 49, Ex. 2] 

Since any line which meets throe non-intcrsccting 
lines is a generating line of the conicoid on which 
it follows tluit the only lines which meet the tliroe 
cl which also meet a fourth given straight line are 
smtors of the surface, of the system opposite to that 
hy the given lines, which pass through the points 
he conicoid is met by the fourth given straight lino. 

fourth straight line will meet the conicoid iu two 
nly, unless it be itself a generator of the surfime. 
eo two straight lines, and two only, will, in genoral, 
sh. of four given non-intersecting straight lintss ; but if 
^iven straight lines are all generators of the same 
of a, conicoid, then an infinite number of straight 
11 aneet the four, which will all be genomtors of tbe 
system of the same conicoid. 

jXwo plan^ are dtrawa, one through euoh of two tet«f«*ottes 

t mttmm of a eonfwM; sliow tlial tb# iniii tlii surfiioi in tw® 
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Ex. 2 . Shew that the plane through the centre of a conicoid and any 
generating line, will cut the surface in a parallel generating line, and will 
touch the asymptotic cone. 

Ex. 3. A conicoid is described to pass through two non-intersecting given 
lines and to touch a given plane. Shew that the locus of the point of contact 
is a straight line. 

Let the given lines meet the given plane in the points A, B respectively. 
Then, the ^ven plane will cut the surface in two generating lines, one 
of which will intersect both the given lines; hence, since the points of 
intersection must be A and /i, the point of contact must be on the 
line AB. 

Ex. 4. The lines through the angular points of a tetrahedron perpen- 
dicular to the opposite faces are generators of the same system of a 
conicoid. 

Let AA\ BB\ CC\ JDD' be the four perpendiculars, and let a, y, d be 
the orthocentres of the faces opposite to A, B, 0, B respectively. Then, it is 
easy to prove that the lines through a, 7 , 8 parallel respectively to 
AA', BB., CC\ BD' will meet all the four perpendiculars. Bitic© the four 
perpendiculars are met by more than two strai^t lines, they are generators 
of ate same system of a conicoid; and the four parallel lines through 
a, )3, 7 , 8 are generators of the opposite system of the same conicoid. 

Ex. 5. If a rectilineal quadrilateral ABCB he traced on a conicoid, the 
centre of the surface is on the straight line which passes through the middle 
points of the diagonals AG, BB. 

The planes BAD, BCB are the tangent planes at A, G respectively, and 
BB is their line of intersection ; hence the centre of the conicoid is on the 
plane through BD and the middle point of A C. Similarly the centre is on the 
plane through AC and the middle point of BB. 

Ex. 6 . If a rectilineal hexagon be traoml on a conicoid, the three lines 
joining opposite vertices will meet in a point, and the three lints of inter- 
section of the tangent planes at opposite vertices lie in a plane. [Bandelia.} 

Let A BCB EF be the hexagon. Intersecting generators of a conicoid are 
of different systems; therefore AB, <7D, MF are of one system, and BO, DB, 
FA of the opposite system; so that opposite sides of the hexagon are of 
difforent ^sterns, and timefor© wEl intersect. Bach of th© ” ding onali 
AD, BEf vF is the line of intersection of two of the plan« through pair* of 
opposite sides ; therefore AD, BB, GF meet in a point, namely In the point 
of intersection of the three planes through pairs of opposite sides. 

Let X he the point of intersection of AB and DB, F the iMilnl of inter* 
section of BC and BB, and Z of CD and FA. The tangent planw at A, D, 
namely the planes BAB, (7DB, intersect in the line XZ ; the tangent pl«« 
at B, B intersect in the line XT; and the tangent planei at 0, B lateriiititt 
the line YZ. Hence the three lines of intert^lon of th# tangent plan* at 
opposite vertices li© in the plane XYZ. 

Ex, 7. Four fixed generators of the same system cut aU ftsiralori 
of the opposite system in a range of <»ttstant «o»-ralio* |Chatl«,l 

Let any three g«n«mtei» of opposite iyiltm cut the fixed, fiatmtorsitt 
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the points A, R, <7, JD ; A', B\ (7, D' and A", B", C", B" respectively. Then, 
the four planes through A"JB"C'D^^ and the fixed generators cut all other 
straight lines in a range of constant cross-ratio [Art. 36]; we therefore have 

{A'B'C'D')=^{ABCB}, 


Ex. 8. The lines joining corresponding points of two homographio 
systems, on two given straight lines, are generating lines of a conicoid. 


136. To find the angle between the two generating lines 
through any point of an hyperboloid. 

The section, of an hyperboloid of one sheet by the 
tangent plane at any point is similar and similarly situated to 
the parallel central section. Hence the generating lines 
through any point are parallel to the asymptotes of the 
parallel central section. Let the equation of the surface be 



and let /, g, h be the co-ordinates of the point P through 
which the generating lines pass. 

Let a* be the squares of the axes of the central section 
which is parallel to the tangent plane at P, and let 6 be the 
angle between the generating lines through P. 

Then tanH=“V— 1-^, 

At a 

and therefore 

Now the sum of the squares of three conjugate semi- 
diameters is constant, and also the parallelopiped of which 
they are conterminous edges. Hence 

and a^p = ^ — 1 . abc. 

Hence we have 

a G% ahc 

taix <9- . 

137. We can write tihie equation of an hyperboloid of one 
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sheet in such a way as to shew at once the existence of 
generating lines. For, the equation 



is equivalent to 




and it is evident that all* points on the line of intersection of 
the planes whose equations are 


X 

a 



X z \ 
— h~= ^ 
a c X 



are on the surface; and by giving different values to A we 
obtain a system of straight lines which lie altogether on the 
surface. The generating lines of the other system are 
similarly given by the equations 


X 

a 




We can find in a similar manner the equations of the 
generating lines of the paraboloid 

^ y*_. 




■■2z. 


The equations of the generators of one system arc 


f _ y 
a b 




and of the other system 



1 

X* 


% 


138. The equations of the generating linos which pass 
through any point on an hjrperwloid of one sheet can he 
obtained in the following manner. 

The co-ordinates of any point on the surface can be 
expressed in terms of two variables 0 and <f>, where 

w — a cos 6 B&c ij>, ain 0 n 0 o <f>, and o tan ^ 
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This is seen at once if we substitute in the equation of 
the hyperboloid. 

The two generating lines through the point P are the 
lines of intersection of the surface and the tangent plane at 
P. Now, the equation of the tangent plane at {9, <p) is 

tX/ V Z 

- COS 6 sec 6 + y sin 9 sec 6 — tan 6 = 1: 

a ^ 0 ^ c ^ ’ 

hence the tangent plane meets the plane z = 0 in the 
line whose equations are 

tic V 

- cos 0 + jsin ^ = cos ^ = 0 (^i). 

If this line meet the section of the surface by ^ = 0 in 
the points A, B, whose eccentric angles are a, ^ respectively, 
we have from (i) 

n a + /9 , , a-/3 

0= _^,and^ = -^ 

or a = 9 + 6> {3 = 9 --6 (iO* 

Now AP, BP are the generators through P; hence from 
(ii), 0 + 0 is constant for all points on the generator AP, and 
is constant for all points on the generator BP. 

The direction-cosines of AP are proportional to 
a (cos a — cos 0 sec I (sin a ~ sin ^ sec (^), - c tan ^ j 

or proportional to 

^ cos {6 -j- 6) 6 “ cos 9 ^ sin (9 -f 6) oos — sin 0 

d I ; Q . — C I 

Sin 6 sin 6 

or to a sin (6 + 6) > ^ cos (^ + (^), c ; 

hence the equations of AP are 

X — a cos 9 sec 6 _ ^ — 6 sin 0 sec ^ — c tan 6 
a sin (0 + ^) ^ -b cos {9 T^) c 

Similarly the equations of BP are 

jT - a cos ^ sec ^ _ y — 6 sin 0 sec 0 __ < 2 ? — c tan 6 
asm (0 - <^) "■ - b cob(9 - 6) 


— c 
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Cor. The equations of the generators, through the point 
on the principal elliptic section whose eccentric angle is 0, 
are 

X — a cos 6 6 __ 

a sin 6 — h cob 6 c * 


These equations may also be obtained as follows : 
The line whose equations are 

X — a cos 6 __ y — 6 sin ^ . 

I m n ' 


will meet the surface, where 

{a cos 9 + Iry (b sin 6 + mrf nY _ ^ 

~¥~ -r 

Hence, in order that the straight line may be a generating 
line, we must have 


and 




n 


= 0 , 


I cos 6 , m sin ^ 

’ H F— — U. 


Whence 


I m 

a b 

wn '^ ~co8^ 


n 

c 

'±1 


The equations of the generators are therefore 
x^-acosd y — b nind 


■ ii OT . .nm».irowi .i» “52 " ■ m il .. » i y » ... . J 

a sm ^ — 0 cos 6 


‘ ± 

c 


139. To find the eqmktom of the gemrating linm 
through any point of a hyperholio pamhohuL 

Let the equation of the paraboloid be 

X y 


2^. 
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Let the equations of any line be 

^ yjzA = ilL'y 

I m n ’ 

The points of intersection of the line and the surface are 
given by the equation 

Hence, in order that the straight line may be a generating 
line, we must have 

P . ... 

? ®- 

la 

= 0 ( 11 ), 

OL^ ^ 

and ^-p-27 = 0 (iii). 

The equation (iii) is satisfied if (a, 7) be any point on the 

surface ; from (i) we have - = ± ^ ; and, substituting in (ii), 

Cb 0 

we obtain 

Z __ m __ n 
a +6 CL ^ ^ ' 

a^b 

Hence the equations of the two generating lines through 
the point (a, y8, 7) are 

inf = (i^). 

b 

It is clear from the above that any generator of the 
paraboloid is parallel to one or other of the two planes 

24=0. 

a h 
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Ex. 1. Shew that the projections of the generating lines of an hyper- 
boloid on its principal planes are tangents to the principal sections. 

The tangent plane at any point P on a principal section is perpendicular 
to that section. Hence the projection on the principal plane of any line in 
the tangent plane at P is the tangent line which is in the principal plane. 
This proves the proposition, since the generating lines through P are in the 
tangent plane at P. 

Ex. 2. Find the locus of the point of intersection of perpendicular 
generators of an hyperboloid of one sheet. 

If the generating lines at any point P are at right angles, the parallel 
central section is a rectangular hyperbola, and therefore the sum of the 
squares of its axes is zero. But the sum of the squares of throe cotij agate 
semi-diameters of the hyperboloid is constant and equal to a'** + - c\ Hence 

OI^=a^ + h^ so that the points are all on a sphere. 

This is the result we should obtain by putting tan ^ = oo in the result of 
Art. 186. We could also find the locus by using the equations of Art. 188. 

Ex. 8. Find the angle between the generating lines at any point of 
a hyperbolic paraboloid. 

The result is obtained at once from equations (iv), Art, 180. The gene- 
rators are at right angles, if 

_ i-i + = 0, or if 27 + a’ - ^ 0. 

Thus generators which are at right angles meet on the plane z » 4 (d® - 

Ex. 4. A line moves so as always to intersect three given straight lines 
which are all parallel to the same plane : shew that it generates a liyiwbolio 
paraboloid. 

Ex. 5- A line moves so as always to intersect two given straight Hue* 
and to be parallel to a given plane ; shew that it generates a hyj^rbollo 
paraboloid. 

Ex. 6. AB and CD are two finite non-intersecting straight linei; shew 
that the lines which divide AB and CD in the same ratio %m genemtors of 
one system of a hyperbolic paraboloid, and that the lines wMoh divide AC 
and BD in the same ratio are generators of the opposite system of thi 
paraboloid. 


Exampli^ on Chaptie VL 

1. A straight line revolves abont a fixed st»!ghfc Im#^ find 
the surface generated. 

2. If four non-intersecting straight lines he given, shew that 
the four hyperboloids which cm he dewciiWi, one through mdh 
‘Set of three, all pass through two other stmight lines. 
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3. Find the equation of the conicoid, three of whose generat- 
ing lines are cc = 0, y = y = = z = (^, x^a. Shew that it 

is a surface of revolution, and find the eccentricity of its meridian 
section. 

4. Find all the straight lines which can "be drawn entirely 

coinciding (i) with the surface = 3c»®a; ; and (ii) with the 

surface — 

5. Normals are drawn to an hyperboloid of one sheet at 
every point through which the generators are at right angles ; 
prove that the points, in which the normals intersect any one of 
tjie principal planes, lie in an ellipse. 

6. Given any three lines, and a fourth line touching the 
hyperboloid through the three lines, then will each one of the four 
lines touch the hyperboloid through the other three lines. 

7. A line is drawn through the centre of ax^ + + csj® = 1 

perpendicular to two parallel generators. Shew that such lines 
generate the cone 



8. If two generators of an hyperboloid be taken as two of the 
axes of co-ordinates shew that the equation of the surface is 
of the form 

-I- 2fyz + ^gzx -i- 2hxy + ^wz = 0. 

9. The generators through any point J? on a ruled quadric 

intersect the generators at a fixed point 0 in P and Q. Shew 
that if the ratio OP : is constant, R lies on a plane section of 

the quadric which passes through 0. 

10. Find the locus of a point on an hyperboloid the genera- 
tor through which intercept on two fixed generators portions 
whose product is constant. 

11. If all the generators to an hyperboloid of one sheet be 
projected orthogonally on the tangent plane at any point, their 
envelope will be an hyperbola. 

12. Find the equation of the locus of the foot of the perpendi- 
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cular from the point (a, 0, 0) on the different generating lines 
of the surface 

of 

a^'*' c‘~ 

13. Prove that the product of the sines of the angles that 
any generator makes with the planes of the circular sections is 
constant. 

14. If CP, CD he conjugate semi- diameters of the principal 
elliptic section, and generators through P and D meet in T, prove 
that TP^ = CD^ -h c", TD^ = CP^ + cl 

15. If two generators drawn from 0 intersect the principal 
ellipse in points P, P\ at the ends of conjugate diameters, then will 

16. The angle between the generating lines through the point 

(xyz) of the quadric cos~^ -- ~ ‘x ^ where Xj, 

are the roots of the equation 

a{a + X) 6 (6 4* X) c (c -i- X) 

17. Shew that the shortest distances between generating lines 
of the same system drawn at the extremities of diameters of the 
principal elliptic section of the hyperboloid, whose equation is 

lie on the surfaces whose equations are 
cxy __ al)z 

— IP* 

18. Find the equations of the surfaces of revolution which 
pass through the lines ^ - ?mj = 0 = 2 ; — c, 2/-i-mjc = 0 = « + c and 
also through the origin. 


19. The locus of points on {ahcfgh) {xyzf =.1 at which the 
jenerators axe at right angles is the intersection of the sur&ce 
with the sphere 

a, 7i, g 

K f (jP •¥ P) = hc ca -{■ ah -/* — - h\ 
ffy fy ^ 
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20. Having given two generating lines that intersect and two 
points on an hyperboloid, shew that the locus of the centre is 
another hyperboloid bisecting the straight lines joining the two 
points to the intersection of the generators. 

21. Shew that the volume of every parallelepiped which 
can be placed so that six of its edges lie along six of the generators 
of a given hyperboloid of one sheet is the same. 

22. A solid hyperboloid has its generators marked on it and 
is then drawn in perspective : shew that the points of intersection 
of the representatives of consecutive generators of the same system 
will lie on an hyperbola. 

23. If two points F, Q be taken on the surface 


a? U' hV ~ ’ 


such that the tangent planes at those points are at right angles to 
one another, then will the two generating lines through F appear 
to be at right angles when seen from Q, 

24. If two conicoids have a common generator, two of their 
common tangent planes through that generator have the same 
point of contact. 

25. If AO A', BOB’, COG’ be any three straight lines, the 
lines AB, OA' B'G' are generators of one system, and A'B\ 
C'A, BC are generators of the other system, of the same hyper- 
boloid. 


26. Deduce Pascal’s Theorem from Dandelin’s Theorem. 
[Ex. 6. Art. 135.] 

27. If from any point on a hyperbolic paraboloid perpen- 
diculars be let fall on all the generators of the surface of the same 
system, they will form a cone of the second degree. 

28. If from any point on the surface of an hyperboloid of one 
sheet perpendiculars be drawn to all the generators of the same 
system, they will form a cone of the third degree. 

29. The normals to a conicoid, at all points of a generating 
line, lie on a hyperbolic paraboloid. 

30. In every rectilinear octagon ABGDEFGS which is on 
a conicoid, the eight lines of intersection of the tangent planes at 
A,D, A, F; G,B; G, B; E\ H; E,B-, G,F) G, .ET are all 
generators of another conicoid. Also the lines AB, AF, QB, GB, 
EE, EG, GF, EB are all generators of another conicoid 
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Systems of CoNicoms. Tancib^ntial Equations* 
Rfxtpkocatiok. 


HO. Since the general equation of the second degrea 
contains nine constants, it follows that a conieoid will |ms« 
through any nine points, and that an infinite nuinl>er of 
conicoids will pass through eight pointa 

If S ^ucid /S' = 0 represent any two conicoids which 
pass through eight ^ven pointe, then the equation 
/S+X/S' = 0 will be of the second degree, and will therefore 
represent a conieoid, and it is clear that thcj eoiiicoid 
/S+X^' = 0 will pass through all points common to I) aiwl 
8' = 0. Also, by giving a suitable value to X, the conieoid 
8 + \8' == 0 can be raaae to pass through any ninth fxjint ; 
and therefore will represent any conieoid through tlie eight 
given points. 

Since the conieoid 8+X8'^0 not only paiws through 
the eight given pointy but also through all points on tli.* 
curve of intersection of and /S'mO, wo see that ult 
oonicoMs through mght given jpmnts 1mm a commB mm*€ uf 
iMm'mctim* 
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141. Four cones will pass through the omm of inter- 
section of two oonicoids. 

Let the equations of any two conicoids be {w, y, = 0 
and F^ [x, y, z) = 0. The equation of any cunicoid tlirough 
their curve of intersection is of tlie form 


{^> y> (^> y> ^ 

The above equation will represent a cone, if 

-f" Xc&g , Aj + AAg , g. -f- \g ^ , -4- | = 0, 

Aj + XAg , H- XL , f ■+ Xf , iq 4* Xv^ 

+ /i + X4, c. + XCg, w^ + Xw^ 

u^ + Xu^j t/j + Xt/g, w^-bXw^, 

Since the equation for determining X is of the fourth 
degree, four cones, real or imaginary, will pass through the 
points of intersection of two conicoids. 


142. The vertices of the four cones through the curve of 
intersection of two conicoids are the angular points of a 
tetrahedron, which is self-polar with respect to any conicoid 
which passes through that curve. 

Take the vertex 0 of one of the cones for origin, and 
let F^ {x, y, z)^Q and F^ {x, y, z)^0 be the equations of th© 
two conicoids. Then the equation of the cone will be of the 
form F^ {x, y, z) 4* XF^ (m, y, z) » 0. But, since the origin 
is at the vertex of the cone, its equation will be homo- 
geneous. We therefore have 

^^^ 4 * Xn^'^v^ 4 - Xv^ » 4 - Xw^^d^ 4 - Xd^ «• 0 , 


or 



5 


d. 


(i). 


Now the equation of the polar plane of 0 with respect tf> 
any conicoid 

I'x (^, y, «) + («. y. 0 “ 0. '« 

(m, + « + (», + y + (w, + (iw^ « + d, + /itis “ 0 » 

and, from (i), it is clear that this polar plane coincides with 
-u so + v^ 

for all values of /*. 
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Hence 0 has the same polar plane with respect to all 
conicoids through the curve of intersection of the two given 
conicoids. 

Now the polar plane of 0 with respect to any one of the 
other cones through the curve of intersection will pass 
through the vertex of that cone, and hence the vertices of 
the other three cones are on the polar plane of 0 with respect 
to any conicoid through the curve of intersection of the given 
conicoids : this proves the theorem. 

143. If 8=^0 he the equation of any conicoid, and 
a/3 = 0 the equation of any two planes, then will 8 — Xa^ = 0 
be the general equation of a conicoid which passes through 
the two conics in which ^ = 0 is cut by the planes a = 0 
and /3 = 0. 

If now the plane a = 0 be supposed to move up to and 
ultimately coincide with the plane ^ = 0, we obtain the form 
/S — X/3^=0, which represents a system of conicoids, all of 
which touch 8=^0 where it is met by the plane /9 = 0. 

The surfaces 8 — Xa/3 = 0 and = 0 touch one another at 
the two points where they are cut by the line whose equa- 
tions are a = 0, /3 = 0. For at either of these points the 
surfaces have two common tangent lines, namely the tangent 
lines to the sections by the planes a = 0 and /3 = 0. 

' 144. All conicoids which pass through seven given points 

pass through anopier fixed point 

Let =0, /Sg—O be the equations of any three 

conicoids through the seven given points. 

Then the conicoid whose equation is 8^-^\8^ + iju8^^0 
will clearly pass through all points common to = 0, = 0 

and = 0 ; and 8^ + + p8^ = 0 can be made to coincide 

with any conicoid through the seven given points, for the 
two arbitrary constants X and can be so chosen that 
the surface will pass through any two other pojnts. Now 
the three conicoids 8^ = 0, & — 0, = 0 have eight common 

points, all of which are on 8^ + '\8^ 4- — 0 ; this proves 

the theorem. 

Thus, corresponding to any seven given points there is an 


EXAMPLES.^ 


131 


eighth point associated with tliein, such that any conicoid 
through seven of the points will also pass through the cughth 
point ; and it should be remarked that in order that a system 
of conicoids may have a common curve of intersection, they 
must have eight points in common which are not so associated 

Ex. 1. All conicoids thrmiffh thn curve of intersection of two rectanguktr 
hyperboloids are rectangular hyperboloids, 

[A rectangular hyperboloid is one whoso asymptotic cono has throe per- 
pendicular generating lines.] 

The asymptotic cone of a conicoid has throe generators at right angles 
when the sum of the coeilieierits of a;*-*, and in the etiuation of tlio surface 
is zero. Now the sum of the coefficients i/'^ and 2 ® in S + XS*^^0 will ho 
zero, if that sum is zero in S and also in S\ This proves tlio proposition. 

Ex. 2 . A7iy two plane sections of a conicoid and the poles of those j)lam$ 
lie on another conicoid. 

Let ax^ + hy^-bcz^’j-dssQ be the conicoid, and let z') and f.r", i/\ /') 
be any two points. The eciuations of the polar plain s of those points will be? 
axaf + hyy' + czzf •{‘dssO and axx'* + byy'^ -i- czz" -f- d » 0 . 

The conicoid 

\ (ax'^ + h/ + cz'^ + d) - (azx’ *f- hyy' -f czz' + d) {axx" + hyy" 4 . czz" *f d) ^ 0 

is the general equation of a conicobl through the two plan© soctiona The 
conicoid will pass through (a;', y\ d) if \ be such that 

X {ax'^ + hy'^ + cz'^ + d) - (ax '^ 4 4 cz '‘^ 4 d) {ax'x" 4 ht/y" 4 ez'/' 4 d) » 0, 

or if X « aafx ' 4 hy’y" 4 cz'z" 4 d. 

The symmetry of this result shews that the conicoid will likewis© mgg 
through (sf\ y'\ z"). 


Ex. 8. Through the curve of interumUm of a sptmre and an eUlpstMfmr 
quadric cones can be drawn; and if dimmtm of the ellipsoid be drawn 
parallel to the generators of om of the cones tfm diameters are all equal 
AUo the continued product of the four values ofsmh dianufUrs is mimd to thc' 
continued product of the axes of the ellipsoid md of Urn diameter of dm 
sphere. 

Let the equations of the ellipsoid and of the ipher© bo 


^ + + 


id (j!-a)a + (y-/S)»+(*-T)« = r*. 

The general eqtiation of a conicoid through the eurve of laterMOtioB is 

^ (js + |i + ~ (y ~ /5)*+ (* -■ yr - (i). 
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This conicoid will he a cone, if the co-ordinates of the (H 
equations 

(l + |)^-a = 0, 

(l+y.-7=0. 

and --as:- fiy -yz + a^+lB^+y^-r^-\=0, 


Eliminating x, y, z we have 

5^/3^ cV 
a“+X'''6‘'+X"^c=+\ 




If, for any particular value of X, the conicoid given by (: 
equation of the cone, when referred to its vertex, takes the fc 

+ (^ + (l + 0; 

and therefore the direction-cosines of any diameter which ii 
of the generating lines of the cone, satisfy the equation 

E. 'HE !!!-. ^ 

^2 + -^+^- ■”X* 

Hence the square of the semi-diameter is constant and eqi 


Hence also the continued product of the squares of th( 
the semi-diameters is equal to the product of the four roots of i 
and the product of the roots is easily seen to be a^h^c¥^. 


Ex. 4. The locus of the centres of all conicoids which jja 
given points is a cubic surface, which passes through the mil 
line joining any pair of the seven given points. 


Let ^1=0, 8^=0, ^3=0 be any three conicoids throu^ 
points ; then the general equation of the conicoids is 

Si -1-X/S'3+/4^3 = 0. 

The equations for the centre are 




dx 

^ 

dg "" dy 

dSi , 

dz dz 


‘ dx 


dx 

dy 

dS, 

1^'' 


= 0 , 

= 0 , 
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Hence the equation of the locus of the centres, for different values of X 
and /A, is 


dSi 

dS^ 


dx ’ 

dx ’ 

dx 

dS^ 

dB^ 

dS, 

dy ’ 

dy * 

dy 

dSfi 



dz ’ 

dz ’ 

dz 


which is a cubic surface, since &c. arc of the first degree. 

dx 

Now, to have the centre of a conicoid given, is equivalent to having thret^ 
conditions given ; hence a conicoid which has a given centre can be made to 
pass through any six points. Hence, if A, B bo any two of the seven given 
points, one conicoid whose centre is the middle point of AB will pass through 
A and through the remaining five points; and a conicoid whose contra is the 
middle point of AB, and which goes tiirough A, must also go through B. 
Thus the middle point of AB in s, point on the locus of centres ; and so also 
is the middle point of the lino joining any other pair of thf^ given jMiintfi 
[Messenger of Mathmatics, vol. xirr. p. 145, and xiv. p. i)l.] 

Tangential Equations. 

145. If the equation of a plane be A^nz 1 = 0, 

then the position of the plane is determined if I, w, n are 
known, and by changing the values of m and n the 
equation may be made to represent any plane whatever. 
The quantities I, m, and n which thus (Icilne the position of 
a plane are called the co-ordinates of the pkme* These eo- 
ordinates, when their signs are changed, are the reciprocals of 
the intercepts on the axes. 

If the co-ordinates of a plane bo connected by any relation, 
the plane will envelope a surface; atid the eciuation whiclt 
expresses the relation is called the iangmtial eqwitkm of the 
surface. 

146. If the tangential equation of a surfaeo be of ilm 

degree, then n tangent planes can be drawn to the surfacii 
through any straight line, i'or, let the straight line bci giviti 
by the equations aw^-^by^cz + 1^0, a'w+ l/y + + 1 « 0 ; 

then the co-ordinates of any plane througli tfie line will hm 

+ b-j-Xb' ^ c^\c Ti* ^.1 1* 1 1 f 

"X+xT* ™ . If these co-orcliuat©» bo sub- 
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stitnted in the given tangential equation, we shall obtain an 
equation of the degree for the determination of \ which 
proves the proposition. 

Def, A surface is said to he of the class when n 
tangent planes can be drawn to it through an arbitrary- 
straight line. 

147. We have shewn in Art. 57 that the plane 

Iw H- my + 4* 1 = 0 

will touch the conicoid whose equation is 
aa^+ cz^^- 2fyz 4 - 2gzx 4 - 2hxy 4 - 4 * 2vy 4 * 2wz ‘{•d = 0 , 

if 4* Bm^ 4* On^ 4“ 2Fmn + 2Gnl 4 2Hkn 

4- 227^4* 2Wn 4- == 0, 

where A, B, 0... are the co-factors of a, Z>, c... in the dis- 
criminant. 

Hence the tangential equation of a conicoid is of tlie 
second degree. 

Conversely every surface whose tangential equation is of 
the second degree is a conicoid. 

148. Since the tangential equation of a conicoid is of the 
second degree, which in its most general form contains nine 
constants, it follows that a conicoid can be made to satisfy 
.nine conditions and no more; and in particular a conicoid 
can be made to touch nine given planes. 


149. To find the Cartesian co-ordinates of the centre of the 
conicoid givm hy the general tangential equation of the $emnd 
degree. 


The two tangent planes to the conicoid which are pamllel 
to the plane ^ » 0 are those for which ot » ^ * 0. The values 
of I are therefore given by the equation af 4- 2%l + ci » 0. 
Now the centre of the surf^a is on the plane midway 

between these and hence the centre is on the plime ^ | , 
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*0 ttf 

Similarly the centre is on the planes V 

Hence the required co-ordinates are ^ ^ [S« *o 
Art. 7G.] 

150. We may take the e(|uation of the moving plane to 
be lx -f my -f nz -f = 0; and tlie j>Ian(5 will envelope a surface 
if m, 71, j) be connected by a homogemouB e<|iiation ; for 
any homogeneous equation in I, in, n, p would be equivalent 

to an equation between the constants -- , , - , 

P P P 

If we take -f wy -f + p =» 0 for the equation of the 
plane, we may suppose I, m, n to be the diroction-coHines of 
the normal to the plane. 

161. To find the director-sphere of a conicoid fohcm j 

tangential equation w giium. \ 

If we elinnnate p between the equation of the surface and 
the equation lx + my -I- 7iz -f p « (), we shall obtain a relation 
between the dircction-cosineH of any tangent plane whieii 
passes through the particular point {m, y, z). The relation 
will be 

aP + hm^ + -f d (lx -f my + nzf + 2fmu -f 2gnl + 2hlm 

— 2 (td -p nm w)i){lx + wry *f nz) « 0. 

If (^, y, z) be a point on the director-sphere, three f>er- 
pendicultr tangent nlanei will pass through it ; the above 
relation must iherefore Im satisfied by the direction-eosinei 
of each of three perpendicular planes. Hatice, by addition, 
we have 

a + b + o- turn - tmj - twz -f 4* * 0, 

which is the required equation of the director-spher©. 

152. If and — O be the tengential eqiiatbng of 
any two conicoids wliich touch eight given pianos, then the 
^nation S + \B * « 0 will be of the second aegruii, and will 
therefore be the tangential equation of a conicoid; and it is 
clear that the conicoid B + W' * 0 will touch the comtiioii 
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tangent planes of = 0 and S' = 0, for if the co-ordinates of 
any plane satisfy the equations 8^0 and £>' = 0, they will 
also satisfy the equation 8 + \8' = 0. Also, by giving a 
suitable value to X, the conicoid 8 + \8' = 0 can be made to 
touch any ninth plane: it will therefore represent any coni- 
coid touching the eight given planes. 

153. If 8^ = 0, = 0, 5^3 = 0 be the tangential equations 

of any three conicoids which touch seven given planes ; then 
the conicoid whose tangential equation is 8^ + 4* = 0 

will touch each of the seven given planes, for if the co- 
ordinates of any plane satisfy the three equations 8^ =s 0, 
8^=0 and 8^ = 0, it will also satisfy the equation 

8,^X8,^ 

Also, by giving suitable values to X and jm, the conicoid 
8, + XS,^hfJ^8,^0 

can be made to touch any two other planes; hence 
H- X8^ 4" f^8^ = 0 

is the most general equation of a conicoid which touchei^ the 
seven given planes. 

Similarly, if 8^ = 0, - 0, and #8^ « 0 be the 

tangential equations of any four conicoids which touch six 
given planes, 8^^ 4 X8^ 4 fj^8^ 4 p8^ = 0 will bo the generiil 
tangential equation of the conicoids which touch those six 
planes. 

Bx. 1. The centres of aU conicoids which tomh eight gimn flame are m a 
straight line* 

H SssO md S'ssO be tbe equations of any Iwo oonleoldi wlilcb toiicfi lt» 
dgM giTin planes, then will be the geneml ^mticin of a oonit'oM 

touching them. The centre of tbo oonicoid is given by 

u+Xm' v-i-W w + Xid 
* ” d+?ui'’ * "¥+B' * 

BMminatmg X we obtain tbe equation of the otnlri loeas, nwaily 
dte-tt %-u dz<^w ^ 

- a' “ d V - v' ** dfM - ^ 

Imee the loeus is a straight Ene. 
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Ex. 2. The centres of all conicoids which touch seven given planes are on 
a plane. 

If S=0, Sf'=0, 5"=0 be the equations of three conicoids which touch the 
seven given planes, then the general equation of a conicoid vrhich touches the 

planes mil he S+ \S' 4- — 0. 

Ex. 3. The director-spheres of all conicoids which have eight common 
tangent planes have a common radical plane. 

The director-sphere of the conicoid is 

aJi.l+e‘-2ux-2vy-2wz+d 

{a' 4 Z>' + c' ~ 2u'x - 2T/y - 2w'z + d' (x^ } = 0. 

Ex. 4. The director-spheres of all conicoids lohich touch six given planes 
are cut orthogonally by the same sphere. [P. Serret’s Theorem.] 

If Oi=0, C2=0, (73=: 0 and (74 = 0 be the equations of any four conicoids 
which touch the six planes; then the general equation of the conicoids 
will be 

Cl -^'kC^-^ fiC^ -f 1/0/4= 0. 

Now from Art. 151 we see that the equation of the director-sphere of a 
conicoid is linear in a, 6, c, <fec. It therefore follows that, if ^,=0, 

^8=0 and /S'4=0 be the equations of, the director-spheres of the conicoids 
Ci=0, C3=0, 03=0 and 04=0 respectively, the equation of the director- 

sphere of C-y^-\'}s.C^-\‘ 

will be Si+'KS 2 + 

Now from the condition that two spheres may cut orthogonally [Art. 90, 
Ex. 6], it follows that a sphere can always be found which will cut four given 
spheres orthogonally; and it also follows that the sphere which cuts 
orthogonally the four spheres ^2=0, and ^^4=0, will cut 

orthogonally any sphere whose equation is g8^’¥vS^‘==0. This 

proves the proposition. 

Ex. 5. The locus of the centres of conicoids which touch six planes, and 
have the sum of the squares of their axes given, is a sphere. [Mention’s 
Theorem.] 

By Ex. 4 aH the director-spheres of the conicoids are out orthogonally by 
the same sph^e ; and the director- spheres have a constant radius. Hence 
their centres, which arc the centres of the conicoids, are on a sphere con- 
centric with this orthogonal sphere. 

Reciprocation. 

154. If we have any system of points and planes in 
space, and we take the polar planes of those points and the 
poles of the planes, with respect to a fixed conicoid (7, ^ve 
obtain another system of planes and points which is called 
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the polar reciprocal of tlie former with respect to the 
auxiliary conicoid C. 

When a point in one system and a plane in the reciprocal 
are pole and polar plane with respect to tlie auxiliary 
conicoid 0, we shall say that they correspond to one another. 

If in one system we have a surface S, the planes 
which correspond to the different points of 8 will all touch 
some surface S'. Let the planes corresponding* to any 
number of points P, Q,R... on a plane section of 8 meet 
in jT; then T is the pole of the plane PQli with respect to 
(7, that is the plane PQR corresponds to T. Now, if the 
plane PQR move up to and ultimately coincide with the 
tangent plane at P, the corresponding tangent planes to 8' 
will ultimately coincide with one another^ and their point of 
intersection T will ultiniately be on the surface 8\ So that 
a tangent plane to the surface 8 corresponds to a point 
on the surface 8^ just as a tangent plane to 8 corresponds 
to a point on 8. Hence we see that 8 is generated from 8 
exactly as 8 is from 8. 

155. To a line L in one system corresponds the line U 
in the reciprocal system which is the polar lino of L with 
respect to the auxiliary conia)id. 

If any line L cut the surface 8 in any number of pointe 
P, Q, R... wo shall have tangent planes to 8 corresponding 
to the points P, Q, R..., and these tangent planes wifi 
all piitBS through a line, viz. through the polar line of L with 
respect to the auxiliary conicoid. Hence, m many tangent 
planes to 8 can be drawn through a straight line as there 
are points on 8 lying on a straight line. That m to »ay the 
class [Art 146] of 8 is equal to toe degree of 8. Eeciproc^ly 
the degree of 8 is equal to the class of 8. 

In particular, if iS be a conicoid it is of the second degree 
and of the second class ; hence 8 is of the second clajs aad of 
the second degree, and is therefore also a conicoid. 

156. The reciproml of a point which is common to- 
two surfecas is a plane which touches tofch the reciprocal 
surfaces. 
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If two giirfaci.nH liavcj a eoinnion eurva of intC5rftcction, 
they have an iiifiiiiie of coifiriiorn |ioiri(H ; thii 

reciprociil mirhierm tlierefure have mi iitliiiite number of 
coriimtm tangent |iia.ne,^. The.Hf,* emiiiimn iiingtatt pL'ine.H 
form s snrfiin? : ami, Hinre the line of iriterm:'eiirm any 
two cofisecutive pliineH in mt the Hurfaca*, it in a ruled 
BurhcCj tlie gemmating linen being th«! limm of inieriiiictioii 
of consemitive I'lliiiien. Any one <»f the eonfciyrm 

two coiiHCfCiitivii gr*nerii!.ing lirten, mi that t^vo eonneeutive 
geiierati>r« rriimi iiilenH*:*et ; lienee the aurfaee in a demdopuble 
surface* 

If all tln.^ {lointH of the eurve lie on a plane, all the 
tangent plaiii'.H to the t!i*%‘e!t:tpable pan^ ihnmgli a point ; 
the t.Iiivelopiiliie llierefore be a coiuf. Hence the 

reciprocal of a plan** eurv«» in a eomo 

It tbllow?! !>y reripr*'«'‘iaitai from Art. 144, that all coni- 
coidii %vhich toii«4i Meveu tijced planer will toiich an MHoeiatcHi 
eighth plane* 

It alico fiiiltiWfi from Art. 149 tliat all ctmicoifk which 
touch ciglil given plaiieii hiive im infinite number of common 
tangiunt iiliitien, proviilial t.hat ihe «4gbt given jihinca do not 
form an iijcsr:riiili.«i nyHlmii. 

1#57. The reciprcici-ilicai in iimndly taken with rcipcmt to 
a spherfa and ^iiire tlio tmUm$ of the riidprca*iil mirface m iti- 
depmah^nt of the radiua of the splitjre, we only rccjiiire t*i 
know the citiitre f*f lliii apliere, which in mlliMl IImi origin of 
rcciprcMiiiiioio 

The line joining I tie centre of a iphor# t*> any point in 

r fMfiidiiaihir to tlm {mlar plane of the point* Ilenecn if I\ Q 
any two poiiii», Ihtt angle hetweeri tlie fmliir pliiiioi of 
them! ficiiiitic with to m uptiere in faptiil to the tingle 

thill PQ mihimnh iifc tliif enrilrii of the iphera 

lliH. If any coiiie/iiil lie rodprocatol with rei|i<fct to i* 
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Hence the generating lines of the asymptotic cone of the 
reciprocal surface are perpendicular to the tangent planes of 
the enveloping cone from 0 to the original surface. 

In particular, if the point 0 be on the director-sphere of 
the original surface, that is if three of the tangent planes 
from 0 be at right angles, the asymptotic cone of the 
reciprocal surface will have three generating lines at right 
angles. 

Corresponding to a point at infinity on the original 
surface we have a tangent plane through 0 to the reciprocal 
surface. 

Hence the tangent cone from the origin to the reciprocal 
surface has its tangent planes perpendictalar to the generating 
lines of the asymptotic cone of the original surface. 

In particular, if the asymptotic cone of the original surface 
have three perpendicular generating lines, three of the tangent 
planes from 0 to the reciprocal surface will be at right angles, 
so that 0 is a point on the *director-8phere of tlic reciprocal 
conicoid. 


159. As an example of reciprocation take the theorem 
** If two of the conicoids which mms through eight given 
points are rectangular hyperboloids, they will all be rect- 
angular hyperboloids.'' If this be reciprocated with respect 
to any point 0 we obtain the following, **If the director- 
spheres of two of the conicoids which touch edght given 
planes pass through a point 0, the direetor-iipheres of all the 
conicoids will pass through 0/' Hence director-splufres 
of all conicoids which touch eight given planes liave a com- 
mon radical plane." 

As another example of reciprocatitio take the theorem t — ' 
A straight line is drawn to cut the faces of a tetrahiidron 
ABGD which are opposite to the angles A, il, (J, i) in 
a, 6, c and d respectively. Shew that the spheres descrikfci 
on the straight fines Aa, B5, Cb, and J)d w have 

a common radical axis." 

Let 0 be a point of intersection of the spheres whose 
diameters are Aa, Bb and Cb. If we reciprocate with 
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respect to 0 we shall obtain another tetrahedron whose 
faces and angular points correspond respectively to the 
angular points and faces of the original tetrahedron. ‘ Corre- 
sponding to the four points a, 6, c, d which are on a straight 
line, we shall have four planes with a common line of inter- 
section; and, since a, 6, c, d are on the faces of the original 
tetrahedron, the corresponding planes will pass through the 
angular points of the reciprocal tetrahedron ; also since the 
angles AOa, BOh, GOc are right angles, the three pairs 
of planes corresponding respectively to a and A, to b and 
B, and to c and G will be at right angles ; this shews that 
the line of intersection of the planes corresponding to a, 6, c, d 
will meet three of the perpendiculars of the reciprocal 
tetrahedron. But we know [Alt. 135, Ex. 4], that every line 
which meets three of the perpendiculars of a tetrahedron, 
meets the remaining perpendicular; and hence the planes 
corresponding to d and D are at right angles, which shews 
that the angle dOB is a right angle. Hence 0 is also on 
the sphere whose diameter is JDd. 

Ex. 1. The reciprocal of a sphere with respect to any point is a oonicoid 
of revolution. 

Ex. 2. Eind the reciprocal of ax^+hy’^ + cz^^l with respect to the sphere 

Ans, — — =1. 
a 0 c 

Ex. 3. Shew that the reciprocal of a ruled surface is a ruled surface. 

Ex. 4. Shew that if two conicoids have one common enveloping cone 
they also have another. [The reciprocal of Art. 120.] 

Ex. 5. Either of the two surfaces is self reciprocal with 

respect to the other. 


Examples on- Chapter YII. 

1. When three conicoids pass through the same conic, the 
planes of their other conics of intersection pass through the same 
line. 

2. Shew that, if the curve of intersection of two conicoids 
cross itself, the conicoids will touch at the point of crossing ; and 
that if the curve of intersection cross itself twice, it will consist 
of two conics. 
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3. Shew that three paraboloids will pass through the curve of 
intersection of any two conicoids. 

4. Shew that a surface of revolution will go through the 
intersection of any two conicoids whose axes are parallel. 

5. If a conicoid have double contact with a sphere, the square 
of the tangent to the sphere from any point on the conicoid is in 
a constant ratio to the product of the distances of that point from 
the planes of intersection. 

6. Any two conicoids which have a common enveloping cone 
intersect in plane curves. 

7. Shew that the polar lines of a fixed line, with respect to a 
system of conicoids through eight given points, generate an hyper- 
boloid of one sheet. 

8. Shew that the polar planes of a fixed point, with respect 
to a system of conicoids through seven given points, pass through 
a fixed point. 

9. Shew that the poles of a fixed plane, with respect to a 
system of conicoids which touch seven given planes, lie on a fixed 
plane. 

10. The polar planes of a point with respect to two given 
conicoids are at right angles ; shew that the locus of the point is 
another conicoid. 

11. All conicoids through the intersection of a sphere and 
a given conicoid, have their principal planes, and also their cyclic 
planes, in fixed directions. 

12. If 0 be any point on a conicoid, and lines be drawn 
through 0 parallel to equal diameters of the conicoid, these lines 
will meet the surface on a sphere whose centre is on the normal 
at 0 . 

13. If 0 be the centre of any conicoid through the intersec- 
tion of a sphere and a given conicoid, the line joining 0 to the 
centre of the sphere is perpendicular to the polar plane of 0 with 
respect to the given conicoid. 

14. Shew that, in a system of conicoids which have a common 
curve of intersection, the diametral planes of parallel diameter 
have a common line of intersection. 
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15. If a system of conicoids be drawn through the inter- 
section of a given conicoid and a sphere whose centre is 0, the 
normals to them from 0 form a cone of the second degree, and 
their feet are on a curve of the third order which is the locus of 
the centres of all the surfaces. 

16. If any point on a given diameter of an ellipsoid be 
joined to every point of a given plane section of the surface, the 
cone so formed will meet the surface in another plane section, 
whose envelope will be a hyperbolic cylinder. 

17. A cone is described with its vertex at a fixed point, and 
one axis parallel to an axis of a given quadric, and the cone cuts 
the quadric in plane curves; shew that these planes envelope a 
parabolic cylinder whose directrix-plane passes through the fixed 
point. 

18. If two spheres be inscribed in any conicoid of revolution, 
any common tangent plane of the spheres will cut the conicoid in 
a conic having its points of contact for foci. 

19. If the line joining the. point of intersection of three, out 
of six given planes, to the point of intersection of the other three, 
be called a diagonal ; shew that the ten spheres described on the 
diagonals have the same radical centre, and the same orthogonal 
sphere. 

20. The circumscribing sphere of a tetrahedron which is self 
polar with respect to a conicoid cuts the director-sphere of the 
conicoid orthogonally. 


CHAPTER VIII. 


CONFOCAL CONICOIDS. CONCYCLIO CONICOIDS. 
Foci OF CONICOIDS. 


160. Conicoids wliose principal sections are confocal 
conics are called confocal conicoids. 

The general equation of a system of confocal conicoids is 

+ A 6^ 4- X o'* “1“ X 

Suppose a, 6, c to be in descending order of magnitude. 

If X is positive, the surface is an ellipsoid, and the 
principal axes of the surface will increase as X increases, and 
their ratio will tend more and more to equality as X is 
increased more and more ; so that a sphere of infinite radius 
is a limiting form of one of the confocals. 

If X is negative and less than the surface is an ellipsoid ; 
but the ellipsoid becomes fl.atter and flatter as X approaches 
the vkue — c®. Hence the elliptic disc whose equations are 






= 1 , 


is a limiting form of one of the confocals. 

If X is between — c® and — the surface is an hyperboloid 
of one sheet. When^X is very nearly equal to — c\ the 
hyperboloid is very nearly coincident with that part of the 

plane z=0 which is exftrior to the ellipse — a =1. 
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When X is very nearly equal to — 6^ the hyperboloid is 
very nearly coincident with that part of the plane y = Q 
which contains the centre and is bounded by the hyperbola 


If X is between — and — the surface is an hyper- 
boloid of two sheets. When X is very nearly equal to — 6®, 
the hyperboloid is very nearly coincident with that part 
of the plane y = 0 which does not contain the centre and is 

bounded by the hyperbola ^§3^ + == 1- 

When X is between — and — 00 the surface is imaginary. 
The two conics 

^-0 ^ I -1 


y = o, 




which we have seen are the boundaries of limiting forms 
of confocal conicoids, are called focal conics^ one being the 
focal ellipse, and the other the focal hyperbola. 

161. Three conicoids, confocal with a given central conicoid, 
wiU pass through a given point ; and erne of the three is an 
ellipsoid, om an hyperboloid of one sheet, and one an hyper- 
boloid of two sheets. 

Let the equation of the given conicoid be 

Any conicoid confocal to this is 

A-V 




This will pass through the particular point {f, g, h) if 
/*(6* - X)(c* - X) + / (c*- X) (a*- X) 

+ h* (a“ - X) (i* - X) - (a* - X) (6* - X) (c* - X) - 0 (ii). 

8. a o. 10 
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If we substitute for X the values and — oo in 

succession, the left side of the equation (ii) will be +, 
hence there are three real roots of the equation, namely one 
between and one between and and one between 

and — 00 . When X is between and — oo, all the 
coeflScients in (i) are positive, and the surface is an ellipsoid ; 
when X is between and h\ one of the coefficients is 
negative, and the surface is an hyperboloid of one sheet ; and 
when X is between and two of the coefficients are negative, 
, and the surface is an hyperboloid of two sheets. 

162. One conicoid of a given confocal system will touch 
any plane. 

Let the equation of the plane be 
, he 4- my + nz — p. 

The plane will touch the conicoid 

+• X 6 “* 4- X c 4" X ’ 

if (a^4'X) Z^4- (6*4- X) 4* (c^4■X)7^® =p*, 

which gives one, and only one, value of X. Hence one con- 
focal will touch the given plane. 

163. Two conicoids of a confocal system will touch my 
straight line. 

Let the straight line be the line of intersection of the 
planes lx+my-\‘nz+p = 0, 4- m'y 4- 4-p = 0. 

Any plane through the straight line will be 

(?4- kV)x+ {m-hkm') y 4- {n-\-kn')Z'\‘{p 4- ^y) = 0. 

This plane will touch the conicoid 

^ 

c? 4" X 6® 4- X c" 4- X ~ 

+ (&" + X) (m 4- hmj 
4- {c^ 4- X) (w + kny = (p 4-^py^ 


if 
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Now, if the given line be a tangent line of the conicoid, the 
two tangent planes through it will coincide. Hence the roots 
of the above equation in Ic must be equal. The condition for 
this gives the following equation for finding \ 

{(a^ + X) + (6® 4- X) -f X) 

{(a" + X) P -f (6* + X) + (c® + X) n'^ p'^} 

== + X) IV 4“ 4“ X) mm' 4- (c® 4- X) nn! — 

Since the equation is of the second degree, there are Imo 
confocals which touch the given line. 




164. Two confocal cojvicoida cut one another at right 
angles at all their common points. 

Let the equations of the conicoids be 




4 = 1, 


_,£!_ + = i 

(X'* 4" X 4" X 4' X ^ 

and let {coy'z') be a common point; then the co-ordinates 
, / will satisfy both the above equations. Hence, by 
subtmction we have 


a*(a“ + 6* + X) " c“ (o* +^X) 


y 


■0 (i). 


Now the equations of the tangent planes at the common 
point {x'y'z') are 


„a ta T . 


‘1, 


and 


+ yy' I 

a^"|"X 6 *q-X o*"f“X 


1, respectively. 


The condition (i) shews that these tangent planes are at 
right angles. 


10—2 



I 

Hi 


! 


165. If a straight line touch two confocal conicoids, the 
tangent planes M the points of contact will be at right angles. 

Let {f'y"z") be tlie points of contact, and let tlie 

conicoids be 


id f _f__ 
a” + X^5'‘ + A.‘*’c’‘ + \‘ 


and 




77 + 


f 


a“+V ' 

The tangent planes will bo at right angles if 

vY 




a. 


“+ , 


J... H — JLm ■- — — - Jjgg /j\ 

{a^ + \) (a^ + V) (6* + X) (// + V) -fT) ^ ^ 

But, since the line joining the two points is a tangent line to 
both conicoids, each point must be in tlie tangent plane at 
the other. Hence 


4 - - 

-I- X 6* “h X 4* X 


and 


mm 
a® 4" X 


« ^ 4- : 


'1. 




J 

J 

J 


' 6* 4- ^ ^4- X' 

By subtraction we see that the condition (i) is satisfied. 

E3C. 1. Til© diflereno© of the »qmr©© of th© |«ir|i«ridicalaw from lli# 
centre on my two parallel tangent pknii to two givtn eonfooal ■ecmteoidte m 

constant. - pg® w Xj - Xg.] 

Ex. 2. Th© locus of the winfe of intoriMtioa of llirt© planei miitnallf 
at right angles, each of whicn touohfii of thre# giir@n mufMalii ii m 
sphere. [Be© Art. 02.] 

Bx, S. The locus of the umbilici of a ijsttm of <»nfo€il Ii tit* 

focal hypei^Ia. 

[The umbilici arc giwn hy 

* . . f . /!#««# . 


v'k^+xi 


as A 


Ex. 4. If two mm&mith and ct>-axial eonlwidi cut one mmAhm it iitywliw# 
at right anglts tibey must bo confocal. 

Ex, 5. P, Q arc two poiak, one on «Mih of two mnUml lai 

the tangent plan« at P, Q mott in the Hat BH; ihow tl»t, if tlio pltnn 
throuKh PS and th# cmtrcbiioct th® line P<i, tli« tangtal piait« il P a»i ii 
muit be at rl.ght angles to on® ar^cr. 
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Ex. 6. Shew that two oonfocal paraboloids cut everywhere at right angles. 

[The general equation of confocal paraboloids is + 

t + A Wl Hh A 


= 2 « + \.] 


166. We have seea that three conicoids confocal with a 
given conicoid will pass through any point P, the parameters 
of the confocals being the three values of X given by the 
equation 

of if _ 

ct”* + X 5“* -1- X c** “H X ^ 
where x, y, z are the co-ordinates of P. 

If the roots of the above equation be X^, X^^, X^, it is easy 
to shew that 

rA — + X ^ ) -f Xg) fr \) 

with similar values for and 

Hence the absolute values of the co-ordinates of any 
point can be expressed in terms of the parameters of the 
conicoids which meet in that point, and are confocal with a 
given conicoid. 

^;;^^/^167. The parameters of the two confocals through any 
point P of a conicoid are equal to the squares of the axes of 
the centr^ section of the conicoid which is parallel to the 
tangent plane at P ; and the normals at P to the confocals 
are parallel to the axes of that section. 

Let {d, y\ d) be any point P on the conicoid whose 

equation is 

a* ¥ 0 

then, if P be on the confocal whose parameter is X, we have 


and therefore 
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The equation of the central section parallel to the tangent 
plane at P is 

sox mi . zz ^ 

(Jb 0 c 

Hence the equation giving the squares of the axes of the 
section is 

. + ,^ + -jL = 0[Art. 115], 


X 

1 1 


1 1 ' 1 1 


or 


+ 


y 




(pi — ¥ (¥ — r*) ¥ (c^ — r^) 


= 0 . 


(ii). 


Comparing (i) and (ii), we see that the squares of the 
axes of the section are the two values of 

The equations of the diameter which is parallel to the 
normal at P to one of the confocals are 


X y _ z 

^ ~ ' y‘ " ~ * 

a* — X — X — X 

The length of the diameter will he equal to 2//X if it be 
one of the generating lines of the cone 

*■ G - - i) + *■ (? - ^) - » tArt. 73, Bx. 6] ; 

the condition that this may be the case is 

1\ I 2/'* ^ a 1\ n- 

(a* - U \) ^ VP " xj + (P-XO? V? “ X/ ” ° ' 

and it is clear from (i) that this condition is satisfied. 

Hence an axis of the centrJ^!section is parallel to the 
normal to one of the confocals through P, and the square of 
the length of the semi-axis is equal to the parameter of 
that confocaL 
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Coe, If diameters of a conicoid be drawn parallel to the 
normals to a confocal at all points of their curve of inter- 
section, such diameters will be of constant length. 

168. Two points (a;, y, z), (^, 97 , f), one on each of two 
co-axial c onicoids whose equations are 

c^~ ’ 0^ i‘~ ’ 

respectively, are said to correspond when 

a a 0 p c 7 

In order that real points on one conicoid may correspond 
to real points on the other, the two surfaces must be of tlie 
same nature, and must be similarly placed. 

It follows at once from the equations (i), Art 96, that if 
on one of the conicoids three points be taken which are ex- 
tremities of conjugate diameters, the three corresponding 
points on the other conicoid will be at extremities of con- 
jugate diameters- 

169. The distance between two points, one on each of two 
cmfoccd ellipsoids, is equal to the distance between the two 
cotresponding points, 

Lef ^i)> Vp two points on one 

conicoid, and (fj, Vp Q. Hr Vr fhe corresponding points 
on the other conicoKl. 


5=^ 

h. 

.’7i 

5 = 


a a ^ 

b 


€ 

J 


h. 

-Vn 


& 

a a * 

b 

/3’ 

c 

7 


We have to prove that 

(.tr, - f J*+ (y,- ?■,)’ “ (», ■ 

/a f. a V , /'i!> 0 






“ (®» - li)’ + (y* - %y + 0, 
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which is clearly the case, since the conicoids are confocal, and 




M 170. The locus of the poles of a given plane with respect 
Yto a system of confocal conicoids is a straight Um, 

Let the equation of the confocals he 

a--x^ b^-\^ c^-X ' 

and let the equation of the given plane 1)0 

+ 1 . 

The equation of the polar plane of the point (s*, y\ z ) m 

.jjy . ^£l 

CJomparing this equation with the equation of the given 
plane, we have 


therefore 


-~w 


and 


Hence the locos of the poles is the stmight liti© wlicii© 
equations axe 

aH y — b^m z r/n 

I m n 

This stmght line is perpendicular to the ipven plane, anri 
it clearly must pass through the point of contact of that con- 
focal which touches the plane. Hence the pttrpondicular 
from any point on its polar plane with resptiCt to a conicoid 
meets the polar plane in the point where a confocal coutcold 
touches it. 
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171. The axes of the enveloping cone of a conicoid are 
the normals to the conf coals which pass through its vertex. 

Let OP, OQ, OR be the normals at 0 to the three 
conicoids which pass through 0 and are confocal with a given 
conicoid; and let P, Q, R he on the polar plane of 0 with 
respect to the given conicoid. 

By the last article, the line OP is the locus of the poles of 
the plane QOR with respect to the system of confocals. 
Hence, the pole of the plane QOR with respect to the given 
conicoid is on the line OP; the pole is also on the plane 
PQP, because PQR is the polar plane of 0 and therefore con- 
tains the poles of all planes through 0. Therefore thje point 
P is the pole of the plane QOR with respect to the given 
conicoid. Similarly Q and R are the poles of the planes ROP 
and POQ respectively. Hence OPQR is a self polar tetra- 
hedron with respect to the original conicoid. 

Now let any straight line be drawn through P so as to 
cut the given conicoid in the points Ay B and the plane QOR 
in G. Then [Art. 56] the pencil 0 [APBO] is harmonic; and 
OP and OG are at right aisles, hence OP bisects the angle 
AOB. This shews that OP is an axis of any cone whose 
vertex is at 0, and whose base is a plane section of the 
conicoid through P. One such cone is the enveloping cone 
from 0 to the given conicoid ; hence OP is an axis of the 
enveloping cone. We can shew in a similar manner that OQ 
and OR are axes of the enveloping cone. 


172. To find in its simplest form the equation of the 
enveloping cone of a conicoid. 

Let the equation of the conicoid be 






a. 


The equation of any tangent plane is 

lx -f my -^-nz^ A/{a^P + + c^n®). 

Hence the direction-cosines of the normal to any tangent 
plane which passes through the point (x^, z^) satisfy the 
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equation. 

aT + -I- cV — (feo + ~ 0- 

Hence the equation of the reciprocal of the enveloping cone 
whose vertex is (a?;,, y^, is 

aV + jy + cV - (»„ + yy,, + = 0 (i). 

Similarly the equation of the reciprocal of the enveloping 
cone of the conicoicl 


c‘ - K 


1 . 


is (a*— \) x’‘+ (6“- X) y’+ (c’— X)/- (rf'ar„+ yy„+ 


....(ii). 

= 0...(iii). 


It is clear from Art. 60, that the cones (i) and (iii) are 
co-axiaJ for all values of X. Hence, since a cone and its 
reciprocal are co-axial, it follows that all cone.s which have a 
common vertex and envelope confocal conicoids are co-axial ; 
and, by considering the three confocals which pass through 
the vertex, the enveloping cones to which are the tangent 
planes, we see that the principal planes of the system of 
cones are the tangent planes to the confocals which pass 
through their vertex. 

The enveloping cones of the three confjcals which jiass 
through («(,, y^, are planes, and their rt!cipro(‘als are 
straight lines. Hence the three values of X for which the 
left side of (iii) is the product of linear factors (which are 
imaginary) are the throe parameters X,, X,, \ of the con- 
focals through (ar,, y„, s,). 

But [Art. 77] the three values of X for which the left 
side of (iii) is the product of linear factom are the three roots 
of the discriminating cubic of (i). 

Therefore the roots of the discriminating cubic (»f (i) are 
X,, X,, X,; so that the equation of the reciprwal of the 
enveloping cone, when referred to its axes, is 

x,®* + xy + \** ** 0. 

Hence the equation of the enveloping (»u© is 


a? 
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Ex. Find the locus of the vertices of the right circular cones which 
circumscribe an ellipsoid. 

If a cone be right circular, the reciprocal cone will be right circular. 
Hence we require the condition that the cone whose equation is 

aV + hhf + - [xxq + 2/^0 + = 0 , 

may be right circular. 

If rCfl, 2/o, be all finite, the conditions for a surface of revolution are 

[Art. 86] - V + ~ = 

so that, unless the surface is a sphere, aroj/^j^o^must be zero. If 
condition for a surface of revolution gives ^ 

(c2 - (c^ - =^xf-y^. 

Hence the enveloping cone from any point on the focal ellipse 

/ y >2 a /2 

^^+ 6 - 5 ^=^’"=° 

is right circular. 

Similarly, the enveloping cones from points on 

aCr&s + 

or from points on = 1, a;= 0 (iii), 

are right circular. 

The conic (ii) is the focal hyperbola, and (iii) is imaginary. 


CONCYCLIC CONICOIDS. 

173. The reciprocal of the conicoid 

with respect to the sphere a;® + -i- is 

(a* + X) + (6^ + X) 2/* + (c* + X) 

It is clear that the reciprocal conicoids have the same 
cyclic planes for all values of X. 

Hence a system of confocal conicoids reciprocates into a 
83 ^stem of concentric concyclic conicoids. 
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174. The following are examples of reciprocal properties 
of confocal and concentric concyclic conicoids. 


Three confocals pass through 
any point, namely an ellipsoid, an 
hyperboloid of one sheet, and an 
hyperboloid of two sheets; also the 
tangent planes at the ^int to the 
three surfaces are at right angles. 

Two confocals touch a straight 
line, and the tangent planes at the 
points of contact are at right angles. 


Oneconiooid of a confocal system 
touches any plane. 

The locus of the pole of a given 
plane with respect to a system of 
confocals is a straight line. 

The principal planes of a cone 
enveloping a conicoid are the tangent 
planes to the confocals through its 
vertex, 


Foci of 


Three eoncyclics touch any plana, 
namely an ellipsoid, an hypirboloid 
(»f one sheet, and m hyperboloid of 
two sheets; also the lines from tli© 
centra to the pointi of contact of the 
plane are at right angles. 

Two eoncyclics touch a straight 
line, and the lines from the otntr© 
to the pointi of eontiiet art at right 
angles. 

One conicoid of a conejclk gyitea 
passei through any point 

The envelopi of the polar plans 
of a given point with to a 

system of eoncyclica tea straight line. 


Th0 axes of a coni whoio vtrlti 
is at the centre of a conicoid arid ha^ 
any plane iiction, are the linns from 
tlici centre to the pointi of «:intiic?l of 
the plane with the coacyclies which 
touch it 

Comcomn. 


175. There are two definitions of a conicoi«l which ©orro> 
spend to the focus and directrix definition of a cjiriic. 

One definition, due to Miic Cullagh, is as follows : — 

A conicoid is the loom of a point iohidh mmea so ihnt its 
distance from a fixed point, called the focus, is in « comtoid 
ratio to its dfrtancs {measured jmrallel to a fixed plane) from 
ajixed straight line called the directrix. 

Let the origin be the focus, and the platii; ; «{> the fi-ted 
plane. 

Also let the equations of the directrix be 

I m n 
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Let (c , y\ z' be the co-ordinates of any point P on the locus, 
and let a plane through P parallel to ^ = 0 meet the directrix 

in if, then if is j/+^ (/ - i), ^ i), 5’ - . 

Now OP® = c’^.Plf^ e being the constant ratio. Hence 
the equation of the locus of {ai, y\ z) is 




x—.f — (z- 


/o| 




The locus is therefore a conicoid, and is such that sections 
parallel to -sr = 0 are circles. 

If the axes be changed in any manner (i) will always be 
of the form 

(x-ar+(y-^y+{2-yr-A = 0, 


where A is the sum of two squares, or is the product of two 
imaginary factors. We can therefore find the foci of any 
given conicoid whose equation is = 0, from the consideration 
that 5f - X {(^ — a)® + (y — ^{z — 7)^} will be the product 

of imaginary linear factors if (a, 7) be a focus, provided a 

suitable value be given to X. 


176. The other definition of a conicoid, due to Salmon, 
is as follows : — 

A conicoid is the locus of a point the square of whose 
distance from a fixed point, called a focus, varies as the pro- 
duct of its distances from two fixed planes. 

The equation of the locus is clearly of the form 
{x-of+{y--^Y-\’{z-f^'=k\lX’^my^7iz-^p)(yx+m'y^-n^ 

We can find the foci of any conicoid according to this 
definition by the consideration that 

S-\{{x-ay ff) 

will be the product of real linear factors if (a, 7) be a focus, 

provided a suitable value be given to X. 
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177. To find the foci of the conicoid mime equation is 
ax' + hif + C2* =® 1 • 

We have seen in Articles 175 and 176 that (a, y) Is a 
focus when 

ax’‘ + 6/ + c/ - 1 - X {(.c - a)’ + {^ - (3 f + (5 - 7)’} {») 

is the product of linear fsictore. 

Hence X must be equal to a, or b, or c. 


Let X = o, then (i) becomes 

{b - a) y^+ (0 - a) s’+ Soacc + 2a0y+ 2ay: - a (a’‘4- ^+y'‘)-l, 


or 


(6-a)|y 




5 4* 


; - H j 


g iib0 ricV 


+ saaa: — ax — , — 1. 

6 — a e — a 

Hence, in order that (i) may bo the pnaluct of linear 
factors, we must have a » 0, and 

^ rf 

1 

5 « c 3 

Similarly, ifX«» 6, wo have /S » 0 and 
a» 7* , 

1 _ 1 ^ I _ 1 ’ 

a~ 6 0 b 

and, if X 0, we have 7 « 0, and 

«’ iS* , 

rT'*'irT"^‘ 


a c 


y 


There are therefore three conics, one In each priiutipd 
pkue, on which the foci He. 


JB’OCAL LINES OF A CONE. 
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178. If the surface be an ellipsoid whose semiaxes are 
c, the conics on which the foci lie are 


x 


y 


= 1, z = 0. 


• c“-6' 


- = 1, y = 0. 


•(i), 


id 


y^ . g" 

— d‘ 


= 1, a; = 0 


(iii). 


^ Since a, h, c are in descending order of magnitude (i) is an 
lipse, (ii) is an hyperbola, and (iii) is imaginary. These 
>B.ics are called the focal conics ; and, as we have seen in 
.rt. 160, they are the boundaries of limiting forms of confocal 
3iiicoids. 


179. The focal conics of the cone ax^ + hf’^cz^ = 0 can 
e deduced from the above, or found in a similar manner, 
'he conics become 


^ = 0, 



ind 


2 / = 


— + — = 0 ; 


c h 

a c 


a 






= 0 . 


One of the focal conics of a cone is therefore a pair of real 
straight lines which are called the focal lines ; the other focal 
conics are pairs of imaginary straight lines, which we may 
consider as point-ellipses. 

Ex. 1. Two cones wbich have the same focal lines cut one another at 
right angles. 

Ex. 2. Shew tliat the enveloping cones from any pomt to a system of 
oonfocals have the same focal lines. 

Ex. 3. Shew tbat the focal conics of a paraboloid are two parabolas. 
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180. The focal lines of a cone are perpendicular to the 
cyclic planes of the reciprocal cone. 

The equations of any two reciprocal cones referred to 
their axes are 

ax^-\-hf -^cz^ = 0, and ^+^- + ‘--0. 


The cyclic plane.s are [Art. 121] 

(a - 6) + (c - h) z' - 0, and (J “ J) ^ + (J. - J) 


The focal lines are by the last article 
y = 0, ^ + -^=0, and y = 0. + - 

a b c b 


b 


0 . 


It is therefore clear that the focal lines of one cone lira 
perpendicular to the cyclic planes of the other. 


Examples ok Ohawer VIII. 

1. Three confocid conicoids meet in a iKunt, iind a cerittiil 
plane of each is dmwn parallel to its niiigiiiit platie at that fMiiiit 
Prove that, one of the three sections will \m an ellipm*, mm an 
hyperbola, and one imaginary. 

2. Plane sections of an ellipsoid iinvelotm n ecinfMal ; sluiw 
that their centres lie on a surface of the fonrtli A^gmi 

3. I\ Q are two |x>ints on a pnerator of a IiyperlMiliilil ; Q' 
the corresponding points on a eonfomi hypiirkihiiil. Shaw tifftt 
FQ' is a generator of the latter, and that FQ » FQ\ 

4. Shew that the points on a ijstern of wtileli mm 

such that the normals are to a givtii Ilnii are oii a 

angular hyprbola. 

5. If three lines at right angles to one aiiotlitr touch a 

conicoid, the plan© through the of ooiitaet will tavflop 

a confocal. 
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ex.am:i>x,es oisr oH-a^pter vm. 

If three of "the generating lines of the enveloping cone of 
Xtiboloid be mutxially at rigbt n^ngles, shew that the vertex will 
>33. a paraboloid, and. that the polar plane of the vertex will 
touch another paraboloid. 

If through Sb gi'ven straight h^ie tangent planes be drawn 
' system of confocals, the corresponding normals generate a 
3rbolic paraboloid. 

i Shew that the locus of the a given line with respect 

system of confocals is a hyperbolic paraboloid one of whose 
aptotic planes is perpendicular to the given line. 

Planes are dr*awrL all passing through a fixed straight line 
each touching one ojf a set of confocal ellipsoids; find the locus 
mir points of contact. 

10. At a given point 0 the tongent planes to the three coni- 
8 which pass through 0, and are confocal with a given conicoid, 
drawn ; shew that these tangent planes and the polar plane of 
»r3aa a tetrahedron which is self-oonjugate with respect to the 
n conicoid. 

11. Through a straight line in one of the principal planes 
jont planes are drawn to a series of confocal ellipsoids; prove 
. the points of conta^ct lie on a. plane, and that the normals at 
e points pass through a fixed point. 

Cf a plane be drawn cutting the three principal planes, and 
ugh each of the lines of section tangent planes be drawn to 
series of conicoid s, prove that the three planes which are the 
of the points of contact intersect in a straight line which is 
^endioular to the cutting plane, and passes through the three 
i points in which the three series of normals intersect. 

12. Any tangent plane to a cone makes equal angles with the 
through the line of contact and the focal lines. 

IS. If through a tangent ah any point of a conicoid two 
font planes be drawn to a focal conio, these two planes will be 
dlj inclined to the -tangent plane at O. 

14 . The focal lines of the eix*v^©loping cone of a conicoid are 
generating lines of -the confocal hyperboloid of one sheet which 
m through its vertex:. 

S. S. a. 


11 
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15. Any section, of a cone which is normal afc to a focal 
line, has F for one focus. 

16. If a section of an ellipsoid be normal to a focal conic at 
F, then F will be a focus of the section. 

17. The product of the distances of any point F on a focal 
conic of an ellipsoid, from two tangent planes to the mirfaee wliicli 
are parallel to one another and to the tangent at F to the focal 
conic, is constant for all positions of F, 

18. From whatever point in space the two focal ecinlcs are 
viewed they appear to cut at right angles. 

Hence shew that the focal conics project into confocals on any 
plane. 

19. If two confocal surfaces be viewed from any {loiiit, their 
apparent contours seem to cut at right angles. 

20. If two cylinders with parallel generatora oirewmscriba 
confocal surfaces their sections by a plane perp^enflicular to iha 
generators are confocal conics. 

21. The centres of the sections of a series of confcMMil mnmmU 
by a given plane lie on a straight lino. 

22. Shew that those tangent lines to an oHip»ciliI froiii ftti 
external point whose length is a maximum or mitiiinniii iirn tioriiiiik 
at their respective points of contact to confocals driiwn 

those points: and further, that the locus of these tiiiixiifiiitii iiml 
minimum lines to a series of ellipsoids confocal with tlie origift,*! 
one is a cone of the second degrea 

23. A straight line meets a quadric in two Q mp 

that the normals at F and Q intoraect : prove that F(J mmilM iiny 
confocal quadric in points, the normals at which aiidl 

that if FQ pass through a fixed point it lies on a c|i« 4 flri€ witte* 

24. If foom any point 0 normals are dmwn to a •? itiiiii li 

confocals (1) these normals form a cone of ike second (‘i| 

the tangent planes at the feet of the normals form a 
of ^the fourth degi-ee. Consider the case of 0 being m mm of tJiff 
principal planes. 
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25. The envelope of the polar plane of a fixed point with 
respect to a system of confocal quadrics is a developable surface. 
Prove this, and shew that the developable surface touches the six 
tangent planes to any one of the confocals at the points where the 
normals to that confocal tlirough the fixed point meet that confocal. 

26. Prove that the developable which is the envelope of the 
polar planes of a fixed point F with respect to a system of confocal 
quadrics, meet Q the polar plane of F with respect to one of the 
confocals in a line, whose polar line with respect to the same 
confocal is perpendicular to Q ; and that these polar lines generate 
the quadric cone six of whose generators are the normals at F to 
the three confocals through P, and the three lines through F 
parallel to their axes. 

27. Prove that if a model of a hyperboloid of one sheet be 
constructed of rods representing the generating lines, jointed at the 
points of crossing; then if the model be deformed it will assume 
the form, of a confocal liyperboloid, and prove that the trajectory 
of a point on the model will bo orthogonal to the system of confocal 
hyperboloida 

28. The two quadrics 

tayz + 2te 4- = 1 and %alyz + Wzx + Idxy == 1 

can be placed so m to be confocal if 

abo a'¥d ^ , aW a'W 

" ’ (»' + 6' + c’7» (a'V 6" + c'®)» “ 

29. Two ellipsoids, two hyperboloids of one sheet, and two 
hj|)erboloi{li of two sheets belong to the same confocal system; 
shew that of the 256 stmight lines joining a point of intersection 
of three surfaces to a point of mtersection of the other three, there 
are 8 iote of S2 equal the lines of each set agreeing either in 
owing or in not crossing each of the principal planes. 

SI). A variable conicoid has double contact with each of three 
fixed eonfoeals; ilmw that it has a fixed director-sphere. 
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Quabriplanar and Tetrahedral Co-obdinj 


181. In the quadriplanar system of co-ordinat 
planes, which form a tetrahedron, are taken as pi 
reference, and the co-ordinates of any point are its 
dicular distances from the four planes. The perpen 
are considered positive when they are drawn in tl 
direction as the perpendiculars from the opposite 
points of the tetrahedron. 

Since the perpendicular distances of a poir 
any three planes are sufficient to determine its ] 
there must be some relation connecting the four 
diculars on the planes of reference. 

Let A, B, G, D be the angular points of the tetT$ 
and dy 6 , o, d be the areas of the mces opposite resp 
to A, (7, D; then, if a, /?, 7 , 8 be the co-ordinates 
pomt, the relation will be 


cy+ d8= 3F, 

where V is the volume of the tetrahedron ABGL 
IS evidently true for any point P within the tetra 
smce the sum of the tetrahedra BOBPy CDAP 
ABCP is the tetrahedron ABGD ; and, regard beinc 
the signs of the perpendiculars, it can be easily 
universally true. ^ 



TETKAHEDRAL CO-ORDINATEB. 



182. The tetrahedral co-ordinates a, 0, 7 , S of any point 
P are the ratios of the tetrahedra BGJ)P, OJ)Al\ DABF, 
ABGP to the tetrahedron of reference ABGJJ. The relation 
between the co-ordinates is easily seen to be 
a + 0 4 - 7 -j- S = L 

It is generally immaterial whether wo use qnadriplanar or 
tetrahedral co-ordinates, but the latter system has soimj 
advantages, and in what follows wc shall always suppose thu 
co-ordinates to bo tetrahedral unless the cotitrary is stated, 

We shall also suppose that the equations are homogeneous, 
for they can clearly always be made so by meatis of the relation 
a + y34'7 + S“L When the erpiations imt homogenooua we 
can use instciad of tlie actual co-ordinates any ([uantities 
proportional to them. 

18«8. The co-ordinates of the point which divides the 
line joining (a^, 0 , 7 ^, SJ and (a^, 0^,%, SJ in the ratio X : /x 
are easily seen to do 

4 Xa ^ fM0^ 4 X0^ ^ 

X4">a ’ X4yx * X + ^ ^ X4*/a 

184. The general equatian of the fmt degree repreBmU a 
plane. 

The general equation of tlio first degree is 
la 4 m0 4 n 7 q-pS « 0, 

W© may shew that this represents a plane by the method 
of Art. m 

Sine# the equation 1% 4 7n0 4- ^7 + pS * 0 contains thro# 
independent constants it is the most general form of the 
equation of a plana. 

The ermstion of the plmi# through the three points 

(^i» y%f (^s» ^s) ® 

a , 0 , 7 , B * ()• 

7i» 

7«> Sf 

Tit 
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185. To shew that the perpendiculars from the angular 
points of the tetrahedron of reference on the plane whose 
equation is la + m/3 4-^7 + = 0 are proportional to I, m, 

Let Ly My Ny P be the perpendiculars on the plane from 
the angular points Ay JS, Gy D respectively; the perpendicu- 
lars being estimated in the same direction. Let the plane 
meet the edge AB in K ; then at K we have 7 = 0, S = 0 

cc B 

and la + mB = 0: therefore — = — ; . 

ml 

Now L:M-.-.AK: BE. 


Bnt AK:AB:-.AGDK:ACDB:-.B-l-, 
simUarly KB : AB KBGD : ABGD r. a -.I-, 
L-.M:-.AK-.-KB::^-.-a:-.l:m-, 

^ , and similarly each = — = — . 

/. nYi. an fn 


186. The lengths of the perpendiculars on a plane from 

the vertices of the tetrahedron of reference may be called the 
tangential co-ordinates of the plane; and, from the preceding 
article, the equation of the plane whose tangential co-ordinates 
are I, my n, jp is Za -f myS + 717 = 0. 

The co-ordinates of all planes which pass through the 
point whose tetrahedral co-ordinates are a^, ySp 7^, ^ are 
connected by the relation + m/3j + 77.7 ^ -f- = 0. Hence 
the tangential equation of a point is of the first degree. 

187. The equation of any plane through the intersection 
of the two planes whose equations are 

la -j- + nj +jp8 = 0, and Va H- m'/S H- tiV + p'8 = 0, 

is (Z 4- W) a 4- (m 4- Xm') (3 4- 7 4- (p 4* XpO 8 = 0. 

Hence the tangential co-ordinates of any plane through 
the line of intersection of the two planes whose co-ordinates 
are Z, m, n, p and Z', m', n', p' are proportional to Z 4* XZ', 
m 4- Xm', n 4- Xn', p 4- Xp'. 
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188 . To find the perpendicular distance of ct point from 
a plane. ^ 

Let tlie equation of the plane be 

la 4- + ^ (i), 

and let its equation referred to any three perpendicular 
axes he 

Ax + By ^ Gz (ii). 


We know that the perpendicular distance of any point 
from the plane (ii) is proportional to the result obtained by 
substituting the co-ordinates of the point in the left-hand 
member of the equation. Hence the perpendicular distance 
of any point from (i) is proportional to the result obtained 
by substituting the co-ordinates in the expression 
loL 4- rn/s 4 ” ny 4- jpS. 

Hence, if m, n, p be equal to the lengths of the perpendiculars 
from the angular points of the tetrahedron of reference, the 
perpendicular distance of any other point (a', / 3 \ fy\ S') will 
be la! 4* wyS' 4 ny 4- ph', 

189 . If a plane be at an infinite distance from the 
angular points of the tetrahedron of reference, the perpen- 
diculars upon it from those points are all equal. 

Hence the equation of the plane at infinity is 
a4“y34'7 + 8 ^ 0 , 

This result may also be obtained in the following 

manner. 

Let k/ 3 , ky, kS be the co-ordinates of any point ; then 
the invariable relation gives kx-j- + ky + kS = 1, or 

a4-y94-74-S = ^- If therefore k become infinitely great, we 

have in the limit a-4->S4''y4'S2=0. This is the relation 
which is satisfied by finite quantities that are proportional 
to the co-ordinates of any infinitely distant point. 

190. Let ySj, be the co-ordinates of any point P, 
anda,^, 7, B the co-ordinates of a point Q. Also let 0 ^, 0 ^, 6 ^, 0 ^ 
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be respectively the angles between the line PQ and the 
perpendiculars from the angular points A, B, G, JD of the 
ftmdamental tetrahedron on the opposite faces. 

Then, a, b, c, d being the areas of the faces opposite to 
Aj B, G, D respectively, we have 

i ^ ~ cos <9.^, 

7 - 7 i = B-^-^Qcos(9g, and 8-8^ = i cos 

The equations of the straight line through P, wliose 
direction-angles are 6^, 6^, 0^, 0^^ are therefore 

y~% ^ 

a 008 0^ bco&d^ ccosO^ dcos0^ ' 

Since the sum of the projections of the four faces of tin* 
tetrahedron on a plane perpendicular to PQ is zero, wo Imvtj 
a cos 4- 6 cos ^2 -f- c cos 0^ + d cos 0^^ = 0, 

or, putting I, m, n, p instead of acos^ , bcos0^, ocon0..f 
d cos 0^ respectively, 

l + m-\-n+p = 0. 

Ex. 1. Find the conditions that three planes may have a cozumon lin® nf 
intersection. 


Ex, 2, Find the conditions that two planes raay be parallel. 

^ Ex. 3. Find the equation of a plane through a given point parallel to a 
given plane. 


[Any plane parallel to la+m^+ny+pd=:0f is 

Za+m/3 + 7i7+p5+\(a+/5+7 + 5) = 0. 

Hence the parallel plane through (a', /S', y, d') is 

la + w/ 3 + 7 Z 7 + = {la' + m/8' + +p5') (a + /3 + 7 + 

4“ f planes each of wHch pasae. throagl, a 

vertex of the tetrahedron of reference and is parallel to the opposito fae« are 

^+ 7 +«= 0 , Y+«+a=0, d+a+p=0, and a+y3+y=0. 

Ex. 5. Knd the condition that four given points may lie on a plane. 

Ex. 6. Knd the condition that four given planes may meet in a point. 

*v 4 ea«ations of the four planes each of which biseote U»ra« „f 

the edges of a tetrahedron are dwoom tnrgo of 

«=/3+y+«, /3=7+8+o,T,=5+o+ft and J=a+; 5 +y. 
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Ex. B, SEew that tEe lines joining the middle points of opposite edges of 
a tetrahedron meet in ^ point. 

Ex. 9* IB'ind the equations of the four lines through A, B, (7, D respec- 
tively parallel to the line whose equations are 

Va+m'^-¥'n'y+j?'d=^0. 

Ex. lO. A nlane cuts the edges of a tetrahedron in six points, and 
six other noirts^are taken, one on each edge, so that each edge is divided 
harmonieall-v • shew that the six planes each of which passes through one of 
the six latter* points and through the edge opposite to it, will meet m a 
point. 

Ex. XX. Lines AOa, BOh, OOc, DOd through the angiEar points of 
tetrahedron meet the opposite faces in a, &, c, d. ^ew that the four 
intersection of the planes BCD, hcd; CD A, cda; DAB, dah; and AJ5C7, ahc 
lie on a 

[If O be (o', V, S’) the equation of hcd is 

^ y 5' a' 

h^oe th.e line of intersection of BCZ>, hcd is on the plane 

fL £ 4 - 2 4 . i= 0 .] 

Ex 12 If two tetrahedra be snob that the straight lines joining 
correspo^dixrg aSular points :meet in a pohat then wffl the four hues 
of intersection of oorresponding faces lie on-a plane. 

191. We shall write the general equation of the second 
degree in tetrahedral co-ordinates in the form 

qa* + r-yQ® -+• 57 * + * 8 * + 2//37 + 25^7“ + 2/i-3t/3 

+ 2uaB + 2i;/38 -l- 2 W 7 S = 0. 

The left side of the equation, will he denoted by 
Fia,^,y,S). 

192 To fmd the points where a given straight line cuts 
the surface represented ly the general equation of the second 
degree in tetrahedral co-ordinates. 

Let -the equations of the straight line he 

“ - “1 _ A ^ 7-ri =, ..= p. 

"T" ~ m n p 
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To find the points common to this line and the surface, 
we have the equation 

F (a, + Ip, + mp, 7 , + np, S, +pp) = 0, 

or F(u,, 7 x. ^) + P + 

+ m, 7i,jp) = 0. 

Since there are two values of p, the surface is a conicoid. 

193. To find the equation of a tangent plane at any pcnnt 
of a conicoid. 

If (“ 1 . 7i. ^i) be a point on the surface, one root of the 

equation found in the preceding article will be zero. Two 
roots will be zero, if 


, dF dF dF dF . 


The line will in that case he a tangent line to the surface. 
Substituting for I, m, n,p from the equations of the straight 
line, we obtain the equation of the tangent plane, namely 

(« - «x) + (/3 - / 3 .) ^+(y- 7,) 57^ + - ^x) dg; = 

But, since the equation F (a, 7 , S) = 0 is homogeneous, 

da, ^ dySj dh~^> 
therefore the equation of the tangent plane at the point 
(V/8..7xxS,)is 

dF^^dF^ dF^.dF . 

194. It can be shewn by the method of Art. 63, that the 
equation of the polar plane of any point (a^, / 3 ^, 7 ^, Sj is 

dF ^dF dF ^dF 

195. To fi/nd the co-ordinates of the centre of the conicoid. 
The polar plane of the centre is the plane at infinity, 

whose equation isa + ^-h 7 + 3=s0. 
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Hence, if (a^ "be the centre of the conicoid, 

we must have 

doL^ cZy, d\ ’ 


196. The diametral plane of a system of parallel chords 
of the conicoid can be found from Art. 192. The equation 
of the plane is 


,dF , dF dF dF ^ 


doL 


Since l+m -l-n+^ = 0 [Art. 190], it follows that all the 
diametral planes pass through the centre, that is through the 
point for which 

dot d^ dy dB ’ 


. 197. To find the condition that a given plane may touch 
the conicoid. 

The condition that the plane lot -f m/S H- 717 -f p8 = 0 may 
touch the conicoid can he found as in Art. 57. The result is 

QP -i- jRm® 4- Sn^ 4* Tp^ -f 2Fmn 4- 2Gnl 

4- 2Hlm 4- 2TJlp 4- 2Vmp -f 2Wnp = 0, 

where Q, jR, 8 &c. are the co-factors of q, r, s &c. in the dis- 
criminant. 


198. To find the condition that the surface represented hy 
the general equation of the second degree may he a cone. 

The polar planes of the angular points of the fundamental 
tetrahedron with respect to a cone meet in a point, namely 
in the vertex of the cone. The equations of the polar 
planes are 

ga 4- feyS 4- 5^7 4- wS = 0, 

Aa -p r>8 4- /y + 7^8 = 0, 
gr 4- 4- 57 +wB = 0, 

ux'^ tB=^Q. 


and 
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The required condition is therefore 
q, h, g, u 

hy Ty /, V 

g> f, ^ 

U, V, w, t 


= 0. 


199. To shew that any two conicoids have a common self- 
polar tetrahedron. 

We can shew, as in Art. 142, that four cones can pass 
through the intersection of any two conicoids, and that the 
vertices of the four cones are the angular points of a tetrahe- 
dron self-polar with respect to any conicoid tlirough the 
curve of intersection of the given conicoids. 

The equation of a conicoid, when referred to a self-polar 
tetrahedron, takes the form 

gr® + -f- -h th^ = 0. 

For, since a = 0 is the polar plane of the point (1, 0, C), 0), 
we have A= 5 r = -w = 0; and similarly = 

200. To find the general eqmtion of a cordcmd circum-- 
scribing the tetrahedron of reference. 

If we substitute the co-ordinates of the angular points of 
the tetrahedron of reference in the general ecpiation of the 
second degree, we have the conditions 

Hence the general equation of a conicoid cireuinscribirig 
the tetrahedron of reference is 

/i 87 *f g^OL + ha^ + mS -P v^S + wyS » 0, 

201. To fmd the gmeraX eqmtwn of a conimM mhmk 
touches the faces of the tetrcdiedron of refm^mm. 

The planes a»0, ^=s0, 7 = 0 and 5*0 will touch flu* 
conicoid riven by the general equation of the second cleMroo if 
^ = 0,.R«0,iS«Oand r«0. [Art. 197.] 

Hence conicoids which are inscribed in the tetraliedron of 
reference are given by the general aquation, with tlii coti* 
ditions Q =* 0. 
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Ex. 1. Find tlie eq[uation of a conicoid whicli circnmscribes the tetra- 
hedron of reference, and is snch that the tangent planes at the angular points 
are parallel to the opposite faces. Am, ^y-\-ya+ap+ad+pd-^y5 = 0. 

Ex. 2. Find the equation of the conicoid which touches each of the faces 
of the fundamental tetrahedron at its centre of graTity. 

Am, + — ya — ajS — a5 — 7^=0. 

202. To find the equation of the sphere which circum- 
scribes the tetrahedron of reference. 

The general equation of a circumscribing conicoid is 

//37 + ha^ 4 - uah + + wyh = 0 . 

If the conicoid be the circumscribing sphere, the section 
by S = 0 will be the circle circumscribing the triangle ABC. 
Now the triangular co-ordinates of any point in the plane 
S = 0, referred to the triangle ABG, are clearly the same as 
the tetrahedral co-ordinates of that point, referred to the 
tetrahedron ABCD, Hence, when we put S = 0 in the equa- 
tion of the conicoid, we shall obtain an equation of the same 
form as the triangular equation of the circle circumscribing 
ABG. Hence, comparing the equations * 

and BG^^ry + GA^r^a + AB^ajS = 0, 

Ux • f 9 ^ 

we obtain 

By considering the sections made by the other faces of 
the tetrahedron, we obtain the equation of the circumscribing 
sphere in the form 

5(7^7 + OA^ryoL + AB^a^ + AD^ah + BD^^h -f- Ci) V = 0. 

203. To fi/nd the conditions that the general equation of 
the secmd degree may represent a sphere. 

Since the terms of the second degree in the equations of 
aU spheres, referred to rectangular axes, are the same; if 

= 0 be the equation of any one sphere, the equation of any 
other sphere can be written in the form 

^ ..p 4- 4- ny +pS = 0, 

or, in the homogeneous form, 

/S4- (Ja + ^/34-W74-25S) (a4-/3 4' 74-S) = 0. 


K 
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If this be the same conicoid as that given by the general 
equation of the second degree, 8 = 0 being the equation of 
the circumscribing sphere found in Art. 202 , we must have, 
for some value of X, 

'Xq = l, \r = m, \8 = n, Xt=p; 
also 2Xf = BG^ + 7n + n, 

and five similar equations. 

Hence the required conditions are that — should 

be equal to the five similar expressions. 

The conditions for a sphere may also be obtained by 
means of the equation found in Art. 192; or in the following 
manner. 

To find the points, suppose, where the edge BO 

meets the conicoid given by the general equation of the 
second degree, we must put a = 0 , S = 0 ; and wo obtain 
. -j- $y^ + 2//37 — 0 ; 

we have also )8 •+ 7 = 1 ; 

.% r/3^ + ^(l-^r-f 2/^(l-/3) = 0, 
and, if the roots be we have 


Now 


/3A 


/SA = 


s 

r + s - 2/" 


CP,.GP^ 

~B(? ’ 


hence, if the conicoid be a sphere, and if t. be the 

lengths of the tangents from the points A, B, 0, 1) 
respectively, we have 

r + s- 2 / s 


By considering the edges OD, OA wo have similarly 
8 + t—1w ( 7 +S — 2(7 s 


■OT <7' 


<f* JU ^ mm- 

Hence, as above, the required conditions are that — 


should be equal to the similar expressions. 
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Examples Chapter IX. 

1. Sliew that, if qa^ + r/3^ + + iS® = 0 be a paraboloid, it ^willL 

touch the eight planes a±^±'y=t:8 = 0. 

2. The locus of the pole of a given plane with respect to a 
system of conicoids which touch eight fixed planes is a straight 
line. 

3. The polar planes of a given point, with respect to a system 
of conicoids which pass through eight given points, all pass through 
a straight line. 

4. If two pairs of the opposite edges of a tetrahedron are each 
to each at right angles to one another, the remaining pair will be 
at right angles. Shew also that in this case the middle points of 
the six edges lie on a sphere. 

5. Shew that an ellipsoid may be described so as to touch each 
edge of any tetrahedron in its middle point. 

6. If six points are taken one on each edge of a tetrahedron 
such that the three lines joining the points on opposite edges meet 
in a point, then will a conicoid touch the edges at those points. 

7. If two conicoids touch the edges of a tetrahedron, the 
twelve points of contact are on another conicoid. 

8. If a conicoid touch the edges of a tetrahedron, the lines 
joining the angular points of the tetrahedron and of the polar 
tetrahedron will meet in a point. 

9. Shew that any two conicoids, and the polar reciprocal of 
each with respect to the other have a common self-polar tetrahedron. 

10. A series of conicoids C^... are such that TI and 

JT are polar reciprocals with respect to ; shew that and 

are ^so polar reciprocals with respect to 

11. The rectangles under opposite edges of a tetrahedron are 
the same whichever pair is taken \ prove that the straight lines 
joining its comers to the comers of the polar tetrahedron with 
respect to the circumscribed sphere will meet in a point. 
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12 . If four of the eight comiiioB tangent planes of iliro 
couicoids meet in a point, the other four will also meet in a poim 

13. A plane moves so that the sum of tlio 8 f|«firo 8 of it 
distances from two of the angles of a tijtraheciron is ec|niil to th 
sum of the squai'os of its distances from the other two ; provis tha 
its envelope is a hyperbolic paraboloid cutting the fiices of th 
tetrahedron in hyperbolas each having its tiMyni|itoteg paainj 
through two of tlie angles of the totraliodron. 

14. If ABGD bo a tetrahedron, self- conjugate with res|w^ct 

a paraboloid, and DA, DB, DO meet the surface in /Ip 0 
respectively 5 shew that 

AA^ BB^ ^ CC\ 

16. If a tetrahedron have a self-conjugate g|>here, iiiid if lti 

radius be R, prove that ^^-3 where n is the sum of tin 

squares of the edges of one face, and 8 the suni c^f the iw|itarci 0 ; 
all the edges. 

16. Shew that the locus of the centres of all wliiel; 

circumscribe a quadrilateral is a stniiglit line. 

17. Tlie locus of the pole of a plane with rfi 4 |N*et to thi 
conicoids which clrcumHcrlbe a quiuirilateral is 11 slraiglit 

18. The polar plane of a fixed point witli respect to any c?oiiicoit1 
which circumscribes a given quadrilateral pasiii!* throiigli n fkeil 

line. 

19. The sides of a twisted quadrilateral fc^nicli a mmkml ; 
shew that the four points of contact lie on a pliinc* 

20. A system of coniwids oircumscrilies a qismlrikterfil ; nlmw 

( 1 ) that one oonicoid of the system will |itti tlifougli a giviiit 

( 2 ) that two of tha conicoids will touch a given f* 1 ) ihat niwi 
conicoid will touch a given plane. Show &lm tfiat flia c*onli?oidi 
are cut in involution by any straight linii; that tlm |tti» of 
tangent planm trough any line are In involutioii. 

21. If three <»ttieoid« have a commoti telaJitiwi,, 

th© twenty-four twigeat planm at their ©yht ixiiiite lo»ch 

a oonmoid, and ik% twenty-four polntii of ontiteet of liieir tiflil 
common tttgfflit plfm« lie m another »tiii»i 4 


EXAMPLES ON CHAPTER IX. 


177 


22. ISTino conicoids have a common self-polar tetrahedron; 
shew that the eight points of intersection of any three, the eight 
points of intersection of any other three, and the eight points of 
intersection of the remaining three are all on a conicoid. 

23. The sphere which circumscribes a tetrahedron self-polar 
with respect to a conicoid cuts the director-sphere orthogonally. 

24. The feet of the perpendiculars from any point of the 

surface - + ~ + -+ ^=0, on the faces of the fundamental tetra- 
a IS y 0 

hedron lie in a plane, a, 5, c, d being proporbional to the volumes 
of the tetrahedron formed hj the centre of the inscribed sphere 
and the feet of the perpendiculars from it on any three of the 
faces, and the co-ordinates being quadriplanar. 

26. The middle points of the twenty-eight lines which join 
two and two the centres of the eight spheres inscribed in any tetra- 
hedron are on a cubic surface which contains the edges of the tetra- 
hedron. Shew also that the feeb of the perpendiculars from any 
point of the cubic surface on the faces of the tetrahedron lie on a 
plane. 

26. The six edges of a tetrahedron are tangents to a conicoid. 
The plane through the three points of contact of the three edges 
which meet in the same vertex meet the face opposite to that 
vertex in a straight line : shew that the four such lines are gene- 
rators of the same system of an hyperboloid. 

27. When a tetjt'ahedron is inscribed in a surface of the second 
degree, the tangent planes at its vertices meet the opposite faces in 
four lines which are generators of an hyperboloid. 

28. The lines which join the vertices of a tetrahedron to the 
points of contact of any insoribed conicoid with Ihe opposite faces 
are generators of an hyperboloid, 

29. 'Ehe Imm whidb join the angular points of a tetrahedron 
to the angular points of the polar teti^edron are generators of the 
same system of a conicoid. 

30. Oonm are described whose vertices are the vertices of a 
tetrahedron and bases the mterseotion of a conicoid with the oppo- 
site faces. The other planes of intersection of cones and 
conicoid are produced to intersect the correspondir^ &oes of the 
tetrahedron. Prove that the four lines of intersecrion are genera- 
ting lin€% of the same syst^^ of a hyperboloid. 

S. S. G. 
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SUBFACES IN GeNEBAL. 


204. We stall in the present Chapter discuss some 
properties of surfaces of higher degree than the second: 

205. Let F{c 0 j y, ^) = 0 be the equation of any surface. 
To find the points of intersection of the surface and the 

straight line whose equations are 

I m n ^ 


we have the equation 

F(x + Ir, y' 4- wr, z' + nF) = 0, 
or 

, dF\ 

F{a>..y,z) + r(l-^ + m^+n-^) 

7^ /j d , d dV UT 




If the equation of the surface he of the degree, the 
equation (i) will be of the degree. Hence a straight line 
will meet a surface of the degree in n points, and any 
plane will cut the surface in a curve of the degree. 


206. To find the equation of the tangent plam at any 
point of a surface. 

If (cdV y\ z') he a point on F (cc, y, z) = 0, one root of the 
equation for r, found in the preceding article^ will he zero. 


INFLEXIONAL TANGENTS. 



Two roots will be zero if I, m, n satisfy the relation 

dF ^ dF ^ 

The line will in that case be a tangent line to the surface - 
and the locus of all the tangent lines is found by olimixtating 
I, m, n by means of the equations of the straight line. We 
thus obtain the required equation of the tangent plane 

, .dF . . dF , . d.F ^ 

If the equation of the surface he z—f {x^ y) = 0, it is easy 
to deduce from the above, or to shew independently, that the 
equation of the tangent plane at (x^ y\ z') is 

207. The two real or imaginary lines whose direction- 
cosines satisfy both the relations 

,dF , dF , dF ^ 

and + + 

meet the surface in three coincident jK)ints. 

Hence at any point of a surface two real or imaginary 
tangent lines meet the surface in three coincident points. 
These are called the injleieional tangents. 

208. The tangent plane at any point of a surface will 
meet the surface m a curve of the degree ; and, since 
every line which is in the tangent plane, and which passes 
through its jpoint of contact, meets the surface, and therefore 
the curve of interjection, in two points, it follows that the 
point of contact is a singular point in the curve of inter- 
section. 

When the inflexional tangents are imaginary, the point is 
a conjugate point on the curve of intereectbn. When the 
inflexional tangents are real, two branches of the curve of 

' 12 2 
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intersection pass througli the point of contact ; and these 
branches coincide when the inflexional tangents are coin- 
cident. 

209. The section of any surface ly a plane parallel and 
indefinitely near the tangent plane at any point is a conic. 

Let any point on a surface be taken for origin, and let the 
tangent plane at the point be the plane ^ = 0. Let the 
equation of the surface be ^ = f(x, y ) ; then, since <2^ = 0 is the 
tangent plane at the origin, we have 

2 : = dix? + 2hxy + hy'^ 

+ higher powers of the variables. 

Hence, if we only consider points so near the origin 
that we may neglect the third and higher powers of the 
co-ordinates, the section of the given surface by the plane 
^ = fc, is the same as the section of the conicoid whose equa- 
tion is 

z = ax^ -f Jy® -f Thxy, 

by the plane the section is therefore a conic. 

The conic in which a surface is cut by a plane parallel and 
indefinitely near the tangent plane at any point, is called the 
indicatrix at the point ; and points on a surface are said to 
be elliptic, parabolic, or hyperbolic, according as the in- 
dicatrix is an ellipse, parabola, or hyperbola. 

210. If, at the point {x\ y, z') on the surface I(x, y, z) = 0, 
we have 

dx df dz' ’ 

every straight line through the point {x, f, £) will meet the 
surface in two coincident points. 

Such a point is called a singular point on the surface. 
All straight lines whose direction-cosines satisfy the relation 

will meet the surface in three coincident points and are 
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igent lines. Eliminating I, m, n, by means of the 
of the line, we obtain the locus of all the tangent 
the cone whose equation is 


VF . ,.^d^F 


dy 

d^F 


dz"^ 




d^F 

dz'dx’ 


the tangent lines at any point of a surface form a 
point is called a conical point; and when all the 
nes lie in one or other of two planes, the point is 
odal point. 


Pind the equation of the tangent plane at any point of the 

; and shew that the sum of the squares of the inter- 
axes, made hy a tangent plane, is constant. 

Prove that the tetrahedron formed by the co-ordinate planes, 
gent plane of the surface is of constant volume. 

Pind the co-ordinates of the conical points on the surface 
1 /® + ^!^ -1-40.3 = 0; and shew that the tangent cones at the conical 
[ght circular. 

deal points are (2a, 2a, 2a,) (2a, - 2a, - 2a,) (-2a, 2a, -2a) and 
2a). The tangent cone at the first point is 

4 c 2 4 - 3,2 4 - ^2 - ^yz - - ^xy =3 0 .] 


Envelopes. 

To find the locus of the ultimate intersections of a 
surfaces, whose equations involve one arbitrary 

le equation of one of the surfaces he 
F {x, y, z, d) = 0, 

8 the parameter. 
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A consecutive surface is given by the equation 
F(a;, y, z, a+fia) =0, 

or F(x, y, z, a) + y,z, a)ha+ =0. 

Hence, when ha is made indefinitely small, we have for the 
ultimate intersection of the two surfaces the curve given by 
the equations 

Fix, y, z, a) = 0, and ^ F («, y, z, a) - 0. 

The required envelope is found by eliminating a from these 
equations. 

The curve in which any surface is met by the consecutive 
surface is called the characteristic of the envelope. Every 
characteristic will meet the next in one or more points, and 
the locus of these points is called the edge of regression or 
cuspidal edge of the envelope. 

212. To find the equations of the edge of regression of the 
envelope. 

The equations of the characteristic corresponding to the 
surface F (a?, y, Zja)=0 are 

F{x, y, z,a)=0 sud-^Fix, y, z, a) = 0. 

The equations of the next consecutive characteristic are 
therefore 

d 


F(x, y, z, a+ ha) = 0 and ^ F(x, y, z, a+ Sa) = 0, 


or 


da^ 

jp.dF^ f. .dF d^F ^ 

f+3j8« + ...-0.and3j+^S. + . 


■0. 


Hence at any point of the edge of regression we must have 

The equations of the edge are found by eliminating a from 
■ the above equations. 
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^ivelope of a system of surfaces j whose equation 
le parameter, will touch each of the surfaces 


"be three consecutive surfaces of the system ; 
,be curve of intersection of the surfaces A and 
3 curve of intersection of the surfaces B and 
curves PQ and P'Q are ultimately on the 
jB be any point on the curve PQ ; and let 
ints, very near the point B, one on the curve 
her on P'Q\ Then the plane RST will in 
dtion he the tangent plane at B both to the 
to the envelope ; and hence the envelope 
face B, and similarly every other surface of the 
curve. 


nd the envelope of a series of surfaces whose 
e two arbitrary parameters, 

ation of any surface of the system be 
F(x,y, z,a,h)=^0, 

:he parameters, 
ve surface of the system is 
F {x, y,z, a -V Sa, b + Sb) = 0, 

z, a, o) H- oa -j- + cb = 0. 

^ da do 

% and Zb are made indefinitely small, we must 
i of ultimate intersection 


0, and Sa ^ +• Zb ^ = 0, 
da db 

I Zb are independent, 

F = 0, ^ = 0, and ^ = 0. 
da db 

curve of intersection of F with any surface 
it goes through the point which satisfies the 
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„ ^ dF ^ , dF ^ 

J?_ 0 , 2^-0, and Jj-O. 


The required envelope is found by eliminating a and b from* 
the above equations. 


215. To shew that the envelope of a series of surfaces, 
whose equations involve two arbitray'y parameters, touches each 
surface of the series. 

Let the curves of intersection of the surface F with 
consecutive surfaces of the system pass through the point P ; 
then P is a point on the envelope. Let P,, F^ be any 
two surfaces consecutive to F, and let Q, R be the points on 
the envelope which correspond to these surfaces. Then all 
surfaces consecutive to P^, and therefore the surface F, will 
p^s through Q ; similarly the surface F will pass through M, 
Hence, in the limit, the envelope and the surfiice F have the 
three points P, Q, R, which are indefinitely near to one 
another, in common ; they therefore have a common tangent 

E lane. Hence the envelope touoJm the surface F, and simi- 
irly for any other surface. 

Ex. 1. Find the envelope of the piano which forms with the eo-ordinatt 
planes a tetrahedron of constant volume. Am, «^x»o0nifeaiit. 

Ex. 2. Find the envdope of a plan© such that the sum of the sq^uar^ ©f 
its intercepts on the axes is constant. Am, st + q- f J a oonstanl. 

Ex. B, Find the equations of the edge of regression of the ertvdop© of tii# 

CM 

planeajsmd-^oos^ssta^-a. Am, — . 

a 


Families of Surfaces, 

216 . To find the genercd fimcSmed and difibrmScd equa- 
tions of conical surfaces. 

The equation of any cone, when referred to ita vertex as 
origin, is homogeneous ; and is therefore of the form 
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Hence the equation of any cone whose vertex is at the 
point (a, 7 ) is of the form 

f(^. ©. 

\Z — ryZ — ry) 

This is the required functional equation. 

The tangent plane at any point of a cone passes through 
the vertex of the cone. Hence, if the equation F {cc, y, ^) = 0 
represent a cone whose vertex is (a, we have 




.dF dF \dF 

which is the required differential equation. 

217. To find the general functional and differential equa- 
tions of cylindrical surfaces. 

A cylinder is the surface generated hy a straight line 
which is always parallel to a given straight line, and which 
obeys some other law. 

Let the equations of the fixed straight line be 

^ __y 

I m n' 

The equations of any parallel line are 
a _ y-^ _z 
m 


X’ 


I 


n 


.(i), 


the two constants a and yS being arbitrary. 

Now, in order that the line (i) may generate a surface^ 
there must be some relation between the constants a and y 3 . 
Let this relation be expressed by the equation a = /(yS); then^ 
we have from (i) 

I 


I m \ 


or F (me — Iz, ny — mz) =0 (ii), 

which is the required functional equation. 
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The tangent plane at any point of a cylinder is parallel to 
the axis of the cylinder. Hence, if the equation F(jX!, = 0 
represent a cylinder, whose axis is parallel to the line 


00 _ y 
I m n 


,dF ^ dF^ dF . 

I — = 0 , 
dx ay dz 


we have 

which is the required differential equation. 


218. To find the general fanctional and differential equa- 
tions of conoidal surfaces, 

Def. a conoidal surface is a surface generated by the 
motion of a straight line which always meets a fixed straight 
line, is parallel to a fixed plane, and obeys some other law. 
The surface is called a right conoid when the fixed plane is 
perpendicular to the fixed line. 

Let the fixed straight line be the line of intersection of 
the planes 

Zee +7712/ + = 0 , i'^ + w'2/ + 7i'-2^+^' =0; 

and let the fixed plane, to which the moving line is to be 
parallel, be 

+ //.z/ + = 0. 


The equations of any line which satisfies the given 
conditions are 


lx + my + + jp + A (Vx + my + n!z +p') = 0, 

and ' Xer + p-y + z;^ + jB = 0. 

In order that the straight line may generate a surface, 
there must be some relation between the constants A and J5. 
Let this relation be expressed by the equation A=/(JS); 
then we have 


Ix-^my^-nz-^p , , x z-x 

17 r 7 — Luy + vz) (i), 

Ix + m'y ^ 

the required functional equation. 

If we take two of the co-ordinate planes through the fixed 
straight line, and the third co-ordinate plane pamllel to the 
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fixed plane, the above equation reduces to the simple form 


^=/(-) (ii). 


The differential equation of conoidal surfaces which 
corresponds to the functional equation (ii), can be readily 
shewn to be 


dF dF ^ 


dec 


The difierential equation may also be obtained as follows. 

The generator through any point is a tangent line to the 
surface ; and the condition that 

£c y 0 * 

may be on the plane 




IS 


dF , dF ^ 


dx 


Ex. 1. Shew that xyz—c {x^-y^) represents a conoidal surface. 

Ex. 2. Find the equation of the right conoid whose axis is the axis of z, 
and whose generators pass through the circle ar=a, 

Am. 

Ex. 3. Find the equation of the right conoid whose axis is the axis of 
and whose generators pass through the curve given by the equations 
aj=ucos 7 w;, y=asinw0. Am, y=a;tann2!. 

Ex. 4. Shew that the only conoid of the second degree is a hyperboHc 
paraboloid. 


219. Cones, cylinders and conoids are special forms of 
ruled surfaces. There are two distinct classes of ruled 
surfeces, namely those on which consecutive generators inter- 
sect, and those on which consecutive generators do not 
intersect; these are called developable and skew surfaces 
respectively. We proceed to consider some properties of 
developable and skew surfaces. 
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220. Suppose we have any number of generating lines 
of a developable surface, that is any number of straight lines 
such that each intersects the next consecutive. Then, the 
plane containing the first two lines can be turned about the 
second line until it coincides with the plane containing the 
second and third lines ; this plane can then be turned about 
the third line until it coincides with the plane through the 
third and fourth lines; and so on. In this way the whole 
surface can be developed into one plane without tearing. 

221. The tangent plane at any point of a ruled surface 
must contain the generator through the point [Art. 129J. If 
the surface be a skew surface, the tangent plane will be 
different at different points of the same generator; but, if the 
surface be a developable surface, the tangent plane will be 
the same at all the different points of a given generator, for 
the tangent plane is the limiting position of the plane 
through the given generator and the next consecutive 
generator. 

Since any tangent plane to a developable surface touches 
the surface at all points of a straight line, it follows from Art* 
213, that a developable surface is the envelope of a plane 
whose equation contains only om variable parameter. 

222. To find the general differmtial equation of deml^- 
able surfaces. 

The tangent plane at any point of a developable surfaw 
meets the surface in two consecutive generating lines which 
are the two inflexional tangents at the point. 

Hence, at any point of a developable surface, the two lin« 
given by the equations 

,dF^ dF ^ dF . 

Hr m -f* n V, 

and 

must coincide. 
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The condition that this may be the case is 


d^F 

d^F 

<FF 


dx^ ’ 

dxdy’ 

dxdz’ 

dx 

d?F 

<FF 

<FF 

dF 

dxdy’ 

djf ’ 

dydz’ 

dy 

dPF 

d^F 

d^F 

dF 

dxdz ' 

dydz ’ 

dz^ ’ 

dz 


dF 

dF 

0 

dx ’ 

dy ’ 

dz ’ 


This is the required differential equation. 

The cii:fferential equation may also be obtained from the 
property, proved in the last Article, that a developable surface 
IS toe Bia.'v elope of a plane whose equation involves only one 
parametor. 

Tor, tile general equation of the tangent plane of a 
surface the point (a;, y, z) is 






Hence, if the surface is a developable surface, there must 

and ^ ; that is, connecting 


be .sonre relation connecting 
^ and ; we therefore have 


dx 


dy' 


Therefore 


dz 

dx 


■ F 


and 


Fz 

Fz 


F‘ 


(!)• 


doody 

d?z d?z __ 
d!F-dy^~ 
which is equivalent to (i). 


dxdy' 
\dyj dy^ 


Hence 


fdz' 

<dy, 

\dxdy} ’ 
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223. We can find the equation of the developable 
surface which passes through two given curves, in the follow- 
ing manner. The plane through any two consecutive gene- 
rating lines of the surface will pass through two consecutive 
points on each of the given curves ; hence the tangent plane 
to the required developable surface will touch each of the 
given curves. 

Now the equation of a plane in its most general form 
contains three arbitrary constants, and the conditions of 
tangency of the t^m given curves will enable us to express 
any two of these constants in terms of the third, and the 
equation of the plane will thus he found in a form involving 
only one arbitrary parameter. The developable surface is 
then obtained as the envelope of the moving plane. 

Ex. Find tlie equation of the developable surface whose generating lines 
pass through the two curves 

y^sz4.aXy zssO and a;^=4a|/, zssc^, 
and shew that its edge of regression is given by the equations 
ca;® - BayzssO = cy^ - Bax (0 - js). 

Let one of the tangent planes of the developable be Zx-f-my-f 
The plane touches the first curve, if 4 - 1«0 touches -»4ffXss 0; that 

is, if Z=am2. The plane touches the second curve, if + l =0 

touches x2=4ay; that is, if m(nC’rl)^aP. Hence, the equation of the 
tangent plane of the developable is found in the form 

am^x + 97iy + - 1 } 1 4 - 1 « 0 (i). 

The surface is therefore given by the elimination of m between (I), lyad 
2a7m;4-2/4-S^^=80 .........(tl). 

For points on the edge of regression we have also 



From (ii) and (iii) we have and therefori, from (iii), 

This is the equation of one stxrfac© through ttie edge of rtfrisil0tt. W# 

obtain another surface through the edge by subsMtuting ia (i); ilit 

result 18 {c-z), and at all points common to- %hM $mism§ 

and (c - z), we must have <^®«Sax 
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224. To shew that cc, cordcoid can be drawn which will 

touch any skew sut^face oJLong a generating line. 

Let AB, A I/, be three consecutive generators of 

any skew snriace. Then, [Art. 134], a conicoid will have 
these three lines generators of one system, and any line 
which inter.sects the tbi^ee given lines will be a generator of 
the opposite system of the same conicoid. Through any 
point Q on A B draw tlie line PQR to intersect the lines 
AB and A - Then this line passes through three con- 
secutive points^ of the given surface, and is therefore a tangent 
line to the surface,^ Uence the plane through A'jB' and PQi2 
touches both the given surface and the conicoid. Hence the 
conicoid touches the given surface at all points of the line 

By means of the aleove theorem many properties of a 
ruled conicoid may be shewn to be true of all skew surfaces. 

225. Tojiml the lines of striction of any shew surface, 

Def. The locus of the point on a generator of a ruled 
surface where it is met hy the shortest distance between 
it and the next consecutive generator, is called the line 

of striction of the surface. 

If we know the equations of any generating line, we can 
at once find the direction of the shortest distance between it 
and the next cori.secutive generator, and this shortest distance 
is a tangent line of the surface. Hence, in order to find the 
point on the line of striction, which corresponds to any 
particular generator, we have only to write down the con- 
dition that the normal at a point on the generator may be 
perpendicular to the shortest distance between the given 
generator and the next consecutive. 

BIx. 1. To fiiid til© lines of striction of tUe hyperboloid 

Thfi ilwtloa-eosittM of a generator, and of the next consecutive 

ar« proportional respectively to 

a sia B ©08 c, and a sin (^ + dd)i - h cos ($ + dd)^ c. 
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Hence the direction-cosines of the shortest distance arc proportional to 
— he sin cd cos 0^ ah. 

Now a (x V z) be the point where the shortest distance meets tlie con- 
secutive’ generators, the normal at (s, y.. r) must bo perpendicular to the 
given generator, and also to the shortest distance- We therefore have 


X . - 

- sin ^ ■ 


-^008 
b 


= 0 , 


and 


~ sin ^cos ^ + 1=0* 




Eliminating 6, we get for the lines of striction the intersection of the 
surface and the quartic 

^5 w aV " W &V ■ 

Ex. 2. To find the lines of striction of the paraboloid whose aquation is 

^-g=2r. 

a? 0^ 

All the generating lines of one system are parallel to the plane 

The shortest distance between two oonseoutivo generators of this system will 
therefore be perpendicular to the plane (i). Hence, at a point m tiie 
corresponding line of striction, the normal to the surface is j^rallel to |i|. 
The equations of the normal at (a?, y, s) are 

^ 

£. ~ ~ • 

Hence one line of striction is the intersection of riie surface and fch« plaae 


Similarly, the line of striction of the generators whMi sm to th© 

plane ^ + |=0 is the parabola in whidb the plant diti iii 

surface. 

[See a paper by Prof. Larmor, Quartm^ly Jmrml o/ MtiiMmtks 
Vol. XIX. page 381.] 

226. To find the general fmotioml and differential mmu- 
timsofmrfacesofrevolutim. ^ 

Let the equations of the axis of revolution be 
i«-a_y — h z-c 
I ~ m T‘ 


I 
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The ^ equations of a section of the surface by a plane 
perpendicular to the axis are of the form 

(oo - af + ( 2 / - {z- cY==r\ 

and lx my ‘i- nz p. 

Hence, since there must be some relation between and 
p, the required functional equation is 

— ay + ( 2 / “ - cy =r f{lx ■vmy’V nz). 

The normal at every point of a surface of revolution 
intersects the axis. The equations of the normal at the point 
{x\ y\ z') of the surface F{x, 3/, 2:) = 0 are 

x — x' ___ y — y' — z 

^ ^ * 

dx dy' dz 

By writing down the condition that the normal may in- 
tersect the axis, we see that at every point of the surface, 

dF dF ^ =0; 

dx ^ dy ' dz 

x — a, y — by Z--C 

I, m, n 

this is the differential equation of surfaces of revolution. 

Note, In the above, and also in Articles 216 and 217, 
w© have obtained the functional equation and the diflfe- 
reatial equation by independent methods. The differential 
equation could however in each case be obtained from the 
fonctional equation; this we leave as an exercise for the 
student. 

For fuller treatment of Families of Surfaces the student 
is referred to Salmon’s Solid Geometry^ Chapter xiir. 


aa o. 
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examples on chapter X. 


Examples on Chapter X. 


1 Prove that a surface of the fourth degree can be describ^ 
to through aU the edges of a paraHelopiped, and that if it 

pa^ through the centre it also passes through the diagonals of the 

figure. 

2. Shew that at any point on the axis of z there are two 
tangent planes to the surface aV = (c“ - *“). 


3. Find the developable surface which passes through a 
parabola and the circle described in a perpendicular plane on the 
latus rectum as diameter. 


4. ilnd the equation of the developable 'surface wliioh 
contains the two curves 

2/*=4aa:, = and (y -6)® = 4c;tr, a; = 0; 

and shew that its cuspidal edge lies on the surface 
(ax + czY = Sabx (y b). 


5. The developable surface which passes through the two 
(firdes whose equations are + y® = a®*, « = 0, and a?® + 2 ^ « ^ » 0, 
passes also through the rectangular hyperbola whose equations are 

- 2 ^ — y® ?= a and uj = 0. 
a® - c® 


6. Prove that the surface 






has two conical points, and two singular tangent planes^ 


7. Explain what is meant by a nodal line on a surfeoe, and 
find Hie conditions for such a line on the surface (% y, z) m 0. 

There is a nodal line on the surface « (tr® + y®) 4- m 0 ; 
find ih 


8. Give a general explanation of the form of the 
i2f(aj® + y^) = 2^xry. Shew that every tangent plane meete the 
sur&x:^ in ^ ellipse whose projection on a plane peTOondhsular' to 
Hie nodal line is a circle. 
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EfXamiixe the general form of the surface 
~ a^cc - h^y - c^% + ^ahc = 0 , 

bew tha-fc it has a conical point. Shew also that each of the 
i passing through the conical point and a pair of the inter- 
ns witH -the axes touches the surface along a straight line. 

)• If a, aruled surface be such that at any point of it a straight 
an be drawn lying wholly on the surface and intersecting the 
)f z, then at every point of the surface 




d^z 


2 ^^^ A 


dx^ ^ dxdy ^ df' 

1. Shew that the surface whose equation is determined by 
limination of B between the equations 
X cos ^ + y sin ^ = a, 


X sin ^ — 2 / cos 0 = - (c0 - «), 


levelopable surface, and find its edge of regression. 


2 . 


■(- 


W'lint faniily of surfaces is represented by the equation 
) ^ Describe the form of the surface whose equation is 


Z _ fn 

- as ^ tan - . If n == 2, prove that through any point an 

^ X 

tte number of planes can be drawn, each of which shall cut 
urfke© in a conic section. 

3. A.t a point on the surface (x -y) -h ax(z + a) = 0 there 
general only one generator, but at certain points there are 
which are at right angles. 

4. A.ny tangent plane to the surface c (sc® + y^) + xyz = 0 
» it again in a conic whose projection on the plane of xy is a 
mgular Hyperbola. 

.5. SHew that tangent planes at points on a generator of the 
ice y&f — €6^z = 0 cut sc = 0 in parallel straight hues. 

.0. Pro-we that the equation sc® + 2 /® + js® - S(xjyz = a® represents. 
r£a<» of revolution, and find the equation of the generating 


‘0* 


17* Prom any point perpendiculars are drawn to the 
»tors of the surface z (sc® + y®) — 27nxy = 0 ; shew that the 
of the perpendiculars lie upon a plane ellipse. 
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18. Shew that all the normals |o a skew surface, at points on 
a generator, lie on a hTperholic paraboloid whose vertex is at the 
point where the generator meets the shortest distance between it 
and the next. 


19. A generator PQ of the surlace xyz + meets 

the axis of z in P. Prove that the tangent plane at Q meets the 
surfece in a hyperbola passing through P, and that as Q moves 
along the generator the tangent at P to the hyperbola generates a 
plane. 

20. Prove that all tangent planes to an anchor-ring which 
pass through the centre of the ring cut the surface in two circles. 

Also if a surface be generated by the revolution of any conic 
section about an axis in its own plane, prove that a double tangent 
plane cuts the surface in two conic sections. 


21. Prove that a flexible inextensible surface in the form of 
a hyperboloid of revolution of one sheet, cut open along a 
generator, may be bent so that the circle in the principal plane 
becomes the^ axis, and the generators the generating lines of a 
conoid of xmiform pitch inclined to the axis at a constant angle. 

22. Prove that every cubic surface has twenty-seven lines 
and forty-five triple tangent planes real or imaginary, and that 
ev^ cubic surface which has a double line is a ruled surface. 

Discuss some properties of the surface whose equation is 
+ x% -f yzw — 0. 


23. Four talent planes to any skew surface which are 
taTO tWgh the same generator have their cross-ratio equal 
to that of their four points of contact. ^ 


tenitt thx-ough a generator of a skew surface is a 

te^t pl^e at some point P and a normal plane at some wiat 
shew also that there is a point 0 on the eenerator such tw 

a. OP. OP i. cmLt f* 


25. Shew that the wave-surface, whose equation is 

- . hY 

hf four conical points, and four singular tangent plane! 


CHAPTER XL 


Curves. 

227. We have already seen that any two equations will 
represent a curve. By means of the two equations of the 
curve, we can, theoretically at any rate, express the three 
co-ordinates of any point as functions of a single variable ; we 
may, for example, suppose the three co-ordinates of any point 
of a curve expressed as functions of the length of the arc 
measured along the curve from some fixed point. 

228. To find the equations of the tangent at any point of 
a curve. 

Let X, 2 /, z be the co-ordinates of any point P on the 
curve, and let x-\rhx, y z hz be the co-ordinates of an 
adjacent point Q. Then, if hs be the length of the arc PQ, 
we have, since the arc is ultimately equal to the chord. 


. -f -4-5^= hs^ 



Also, since the direction-cosines of the chord PQ are 
proportional to Sx, Sy, Sz, and the tangent coincides with the 
ultimate position of the chord, the direction-cosines of the 
tangent are equal to 

dx dy dz 
ds' ds^ ds* 

so that the required equations of the tangent at (x, y, z) are 

ri—y f — jgr 
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If the curve be the curve of intersection of the two surfaces 
F{a}, 2^, 2) = 0 and Q (x, y, z) = 0, 
the tangent line at any point is the line of intersection of the 
tangent planes of the two surfaces at that point. Hence the 
equations of the tangent at any point (x, y, z) arc 

.da^, .dO . 


229. To find on a given mrface a curve such that the 
tangent line at any point makes a maximum angle with a 
given plane. 

It is clear that the tangent line to such a curve at any 
point is in the tangent plane to the surface at that point, and 
is perpendicular to the line of intersection of the tangent 
plane and the given plane. 


Let the equation of the given plane be 
lx 4- my 4- = 0. 

Then the direction-cosines of the line of interaection of the 
given plane and the tangent plane at any point (m v of 
the surface F (x, y, z) = 0, are proportional to ^ 


^dF dF dF ,dF 


, dF dF 


The direction-cosines of the tangent to the curve are 
dx dy ds 

, ds^ ds^ Sa- 

lience we have 


dx / dF 
ds\^d^’ 


•n 


dy) ds\ dx dz) 


dy) dF 


dz [. dF 


dz [ 
'd^K 


dy 

the required diflferential equation. 


dx 
dF\ 
"^dx) 
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If the given, plane be the plane z==0, the differential 
equation of a line of greatest slope will be 

dy Q 

dx ds dy ds 

Ex. Find the lines of greatest slope to the plane ;s = 0 on the right conoid 
whose equation is 

The dijBferential eq^uation of the projection on 2 — 0 of a line of greatest 
slope is a; da: + y dt/ = 0- 

Hence the projections of the lines of greatest slope on the plane 2=0 are 
circles. 


230. Definitions. If A, B, 0 be three points on a curve, 
the limiting position of the plane ABO, when A, C are 
supposed to noiove up to and ultimately to coincide with B, is 
called the osculating plane at B, 

The circle -d.jBC7 in its limiting position is called the circle 
of curvature at B, tlie radius of the circle is the radius of 
cwrvatibre, and its centre the centre of curvature at B, 

The normals to a curve at any point are all in the plane 
through the point perpendicular to the tangent to the curve : 
this plane is called the normal fila/ne at the point. 

The normal which is in the osculating plane at any point 
of a curve is called the princi;pal normal. 

The normal wrhich is perpendicular to the osculating plane 
is called the hinormal. 

The surface which is the envelope of all the normal planes 
of a curve is called the pola/r developable. 

The angle between the osculating planes at any two 
points P, Q of a curve is called the whole torsion of the arc 
PQ. The limiting value of the ratio of the whole torsion to 
the arc is called the torsion at a point 

The radius of the circle whose curvature is equal to the 
torsion of the curve at any point, is called the radius of torsion 
at that point, and is represented by a. 

The radius of the sphere which passes through four 
consecutive points of a curve is called the radius of spherical 
curvature, 

Notk In what follows we shall have frequent occ^ion 
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to employ differential coefficients with respect to the arc ; and 
we shall for shortness write x\ x'\ &c. instead of 

dx d^x dx « 

~ds^ 

231. In the annexed figure A, £, (7, D, E, F... are sup- 
posed to be consecutive points of a curve, and p, q, r. . . are 
the middle points of the chords AB, BO, CD.,.. Planes are 
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drawn through.^, q,r... perpendicular to the chords AB,BG 
CD..., and LP, MQP, A^MQ... are the Hues of intersection of 
the planes through p and q, q and r, r and s,. . . . The lines pL, 
qL are in the plane ABC, and perpendicular respectively to 
AB and BG ; the lines qM, rM are in the plane BCD, and 
perpendicular respectively to BC, CD. 

Then, in the limit, when the chords AB, BG, CD... 
become indefinitely small the planes ABC, BGD,.». become 
osculating planes of the curve; the planes pLP, qMQ,,., 
become normal planes of the curve ; the points L, M, JST be- 
come centres of curvature of the curve ; the lines BP, MQP^ 
NBQ... become generating lines of the polar surface, and are 
called polar lines; and the points P, Q, P... become con- 
secutive points on the edge of regression of the polar 
surface. 

All points on the plane pLP are equidistant from A and 
B, all points on the plane qMP are equidistant from B and 
(7, and all points on the plane rMP are equidistant from G 
and D ; therefore a sphere with P for centre will pass through 
A, B, G, D\ hence the edge of regression of the polar surface 
is the locus of the centre of spherical curvature. 

232. To find the equation of the osculating plane at any 
point of a curve. 

Let P, Q, B be three consecutive points on the curve such 
that PQ = QR = Ss ; and let s be the length of the arc 
measured from some fixed point up to Q. 

Then, if the co-ordinates of Q be w, y, z, those of P, for 
which the arc is s — Sa, will he, if we neglect powers of 8s 
above the second, 

X — x'Ss’^^ Ss^, y — y'8s + ^ 8^, 2 ? — ^ ; 

and the co-ordinates of R will be found by changing the sign 
of 8s. 

The equation of any plane through Q is of the form 
— (f- z) = 0. 
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If this plane pass through the points P and R, we must 
have 

Lx -f My “h Nz' = 0, 

and, eliminating i, M, N, we have the required equation of 
the osculating plane, namely 


y\ 
y'\ 


= 0 . 


233. To find the equations of the ;principal normal^ and 
the curvature, at any point of a curve. 

Let P, Q, R be three points on a curve such that 
PQ = QR = Bs. 

Then, if Fbe the middle point of PR, QF is in the plane 
PQR ; and, since the chords PQ and QR only differ by cubes 
of hs, QFis ultimately perpendicular to PR, and is therefore 
the principal normal at Q. 

Then, the co-ordinates of P, Q, R being as in the last 
Article, the co-ordinates of F are 


y + zV^Ss\ 

Hence the equations of QV are 

H-X _ ‘n-y X-Z 
x" y" z" 

A^n, the circle PQR, in its linaiting position, is the 
Clide ot cuiratip Hence, if p be the radius of curvature, 
we have in the limit 


(i). 
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Hence, the direction-cosines of the principal normal, -which 
from (i) are proportional to x \ z\ are equal to 

P^"y py' and pz\ 

The co-ordinates of the centre of curvature are easily seen 

to be . 

234. To find the direction-cosines of the hinormaL 

The biiaormal is perpendicular to the osculating plane. 
Hence, if Z, m, n be the direction-cosines of the binormal, we 
have from Art, 232 

I m __ n 

yz" — zy" zai' — xz” xy" — fx ‘ 

But 

(y V' z^y 4- ifx'' - xz'J 4- (cdf' - fxj 

= H- + z'^) (x"^ + 3/"^ + -- (a^V' -h yY + z'z'J 

= 1 

P* 

since x^ + y'^ 4 = 1, 

Mid therefore x'x" -h yf' + zz” = 0. 

Hence the required direction-cosines are 

p (y'-e" /y"). p - x'£'l P {xY - fxlf 


235* To find the measure of torsion at any point of a 

Let Z, m, n be the direction-cosines of the normal to the 
^ulating plane at P ; and let i + Si, m + Sm, n 4- Sri he the 
diiwtionL-cosines of the normal to the osculating plane at Q, 
where PQ = Sa Then, if Sr be the angle between the 
Oiculatinig planes, we have 

sm^ St = (mSn — nBrnf 4- (nU — iSn)* 4- (iSm — m8l)\ 
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Hence, in the limit, we have 
/dT\’‘ / dn dm\^ , ( 7 , (i dlV 

(s j ” r a - ■" (” E- ' si - "*j - 

or, = (mn' — m'n)^ 4- (nl' — nflf + — I'my (i), 

cr 

Now l = p(^'/'-zy); 

I' = p - z'y’") + V' - zY), 
and similarly for m' and n\ 

Hence mn' — m'n = />* (/ cc'' — 


== p V 




y" 

y'" 


Z 

z' 


We can find similar expressions for ?i7, and for 
Irn! — Zm \ and substituting in (i), we have 


JL. 

pV 


(c‘ 

x" 


y 

y" 

y' 


z 

z'' 


236. To find tho c(yndition that co cwtub h$ (i pl(iu$ 

Let X, y, z be the co-ordinates of any point P on the 

n measured from a fixed 

^mt up to P; and let Q he the point at a distance tr 

?5be co-ordinates of 
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If all pointo of the curve are on the fixed plane 
Ax + Ih/ + Cz + J)^o, 


the equation 

I""' 

+ /^ (j/ + <ry + y" + y"' + . . .'J 

+ (' + (TS + ^ z" + /" +. ,..^ + /; = 0, 

will bo fatisfii'd for all tnluen *»f <r. 

The cemffideut* of all the ilifTi?r«nt powera of <r must 
therefore Int zero. Ilenco we have 

Ax* + Hy 4- (*s' a® 0, 

Ax ’ + //y*' + Cs” «= 0, 

/Ix'" + %"' + <75'"»0. 


The elimination of A , B, (* gives 


X , y , s 

ft »« tf 

X > y , g 
f\ s’ 


0 . 
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Since these are constant, we have 

p(2/V"-^y") + |(yV'-.y)=o, 

P {z’x'" - xz’") + ^ {z'xi'-x'z") = {), 

and p {x'y'" - yx") + ^ {x'y" - y'x') = 0. 

Multiply these equations in order by y\ z" and acid : 
we then have 

iyW' - zY') + Y {z'x " - ^V") + {xY* ^ = o, 

which is the same condition as before. 


237. To find the centre and radius of spherical curvature. 

The locus of the centre of spherical curvature is the edge 
of regression of the polar surface, that is of the envelope of 
normal planes of the curve. 

The equation of the normal plane at the point (x, y, z) is 
(^— a?) x' + aaO.. (i). 

Hence [Art. 212] the corresponding point on the edge of 
regression is the point of intersection of (i), md the 
two planes 

(f - x) X + - y ) y" -f 

,..,,(111 

and {^-x)x"' + (v-y)y'''+(^-z) 

since a/x" + y'y" + z£' a 0. 


238. In the figure to Art. 231, we have 

9 —pL = qL, p + Sp,B qM a yjj/^ 

BT = LqM=LPM. 

^ intersection of MQP and aKL we 

have to the second order, Mq = J^q^ and KP m. LP ■ ’ 

JSjfir ssa 

LP=^f.=^ ultimately (i). 


and 



Also 
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i2“ = p“+f^V 


At) 


•(ii), 


where It is the radius of spherical curvature. 

Projecting the sides of the triangle KLP on the axis of 
a:, we have, if I, m, n be the direction-cosines of the binormal, 

Bp.px" + ^l-^ll + Bl) = 0 ; 
therefore ultimately pcc"—^ ^ = 

^ ^ dr dp dsdr’ 

= (iii). 

Since I = p {y'z!' - zy") [Art. 234] we have from (iii) 

paf' = <yp ( 2 /V" - //") + <r J {y'z" - z'y”). 
Similarly py' ' = ap {z'x'" - x'z") + ff ^ (e'x" - x'z"), 

and pz" = a-p {x'y'" - y'x'") + <r ^ {x'y" - y'x"). 

Multiply the last three equations by x", y", z respectively 
and add; then we have, as in Art. 235, 


1 _ 

pV 


X , y , z 
y\ /' 

x"', f', /" 


.(iv). 


239. Since, in the figure to Art. 231, M and L are the 
feet of the pe^endiculars from q on two consecutive tangents 
to the curve PQR, if we substitute R, p and t for r, p, yfr in 

either of the known formulae r - 7 - or n + - 7-75 for the radius 

dp ^ dy\r^ 

■of curvature of aplan§ curve, we shall obtain the radius of 
curvature of the edge of regression. 
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Hence the radius of curvature of the edge of regreHsiciri ig 
equal to 

B—,oxtop+^_T,. 

[For this and the preceding article see a paper bv 
Dr Eouth, Quarterly Journal, Vol. vii.] 

240. The following examples will illustrate tlio urn of 
the different formulae we have investigated in this chapter. 

Ex. 1. To find the curvature and the tonimi of a heUx» 

A lidix is a curve traced on a right drcular cyUnder no m to cm a|| ||j« 
generating lines at the same angle* Its equations are imily umu to 

x=aeoudtyssa «in^, 

Hence a:'= - a sin ^ y'sza oos 0.0%s*^a tan a . 0\ 

Square and add, then l=sa®^'^ sec® a. 


We therefore have af''= ~ oos 


a ■ * 


and also 
Hence 
and 


r I 

®"'=-3sin?eog»a, y'"« 


7^ 


00# a a 

s — or pas — J 
a® mm^a * 


/oV 


oos^coia. lina 


- sin ^ cos a, 

-icos^oos^a, 0 

“^8in^oo#a, 0 




. ' ' sftiraa^a ‘ 

the ajda of the * ‘^M?**"**^ P*»P«o4iouI*rt* 

of the principal normal at ff, name^ »«««»([ down the B^tayonJ 


J-afWaa 

eowe »65^~" — . 
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Ex. 2. To find equations of the principal normal, and of the 
osculating plane at any point of the curve given by the equations 
a; = 4a cos^ 2/ =4a sin® d, z=:3c cos 20, 

We have x'= - 12a cos^ ^ sin ^ . 0', 

y' = 12a sin® 0 cos 0 . 0\ 

- 6c sin 26 , 0'. 

Square and adol» then l = 6>y (a® +c®) sin 2d . 0\ 

HeBce ^'=- ^'= -;7(S^fF)’ 


, sec 0, 


^ ~Vl {a?+c?) 

The equations of the principal normal are therefore • 

£C — 4a cos® 0 y-4^a sin® 6 _z-3c cos 2d 

sind ”” cos d 0 

The equation of the osculating plane is 

I a; - 4a cos® d, y - 4a sin® d, - 3c cos 2d | 

~ a cos d, a sin d, - c 
sin d, cos d, 0 

Ex. 3. To find to the third order the co-ordinates of any foint of a curve 
in terms of the arc, when the axes of co-ordinates are the tang ent, the priricipal 
normal, and the binormal at the point from which the arc is measured. 

Let OX OY OY! he the tangent, principal normal, and binormal at the 
point 0 of a curve. Let x, y, z he the co-ordinates of a point at a distance s 

from O and let - and - be the curvature and torsion of the curve at 0. 

^ ’ pa 

Then, at the origin, x'=l, y'=0, /=0; 

pa:"=:0, p,/'=l, z"=0. 


cosec d, z"=0. 


= 0 . 


also 


We have, at any point of the curve. 

Differentiating, we have 

l+x'x"'+y'y'"+^^"'=0.. 


(i). 


Also, by differentiating 




we have at any point 


_ 4 ^ =a!'V"+ yy" +«"*" 

l^<u 


.(ii). 


8. S. G. 


14 
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Also we know that 


pV 


ix', 

/w.'' 

\x , 
lx , 


/ 


.(Hi). 


From (i), (ii), (iii) we see that at tho origin 


3/ 


^2 » pi' ds 


1 

>#* 


Hence, by Maolaurin's Theorem, we have to third ordtr 
8^ 8^ 8^ dp 


Examples on Chapter XI. 


1. Find tlie equation of the surface ganamhtl bj tim |#nncipal 
normals of a helix, 

2. Find the osculating plane at any |>oint of the ciirpii 
oj = ( 3 ^ cos ^ + 5 sin ^=saBm0 + b cos z c sin ifl 


3. Find, the equations of the principal iionisal at any point 0 f 
the curve 

cc* + y^—aJ^y 

4. A. point moves on an ellipsoid so thiifc Iti rlirci^ioii of 
motion always passes through the pe!q>emliciikr from the 

of the ellipsoid on the tangent plane at any |iolfit ; nhew that the 
ci^e traced out by the point is ^vm hy the iritiir^iMdlcin of the 
ellipsoid with the surface 

S'”"* »*"" = constant, 

I, m, n^rng inve^ely proportional to the «juar«« of tli« i»mi. 
axes of the ellipsoid. 


ciirve is traced on a right cono «o aa to cat all tha 
the plane of the base is an equiangular ipiral. ^ 

which lie on its polai* developable. 8 h#ir al*ft m 

.tpri.5ip.i c„rv.ii .rr.™”4 "* 
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7. If a circular lielix be drawn passing tbrongh four con- 
secutive points of a curve in space, prove that when the four 

2 

points ultimately coincide the radius of the helix equals f ^ , and 
its slope is tan“^ ~ . 

<T 

8. Shew that if the osculating plane at every point of a 
curve pass through a fixed point, the curve will be plane. 
Hence prove that the curves of intersection of the surfaces whose 

equations are + + and ^ = -^ are circles of 

2i 

radius a, 

9. Prove that the helix is the only curve whose radius of 
circular curvature and radius of torsion are both constant. 

10. A. curve is drawn on the cylinder whose equation is 

6V + ay-a^6^ = 0, 

cutting all the generators at an angle a ; shew that its radius of 
curvature at any point is pcosec^a, where p is the radius of 
curvature of the principal elliptic section through the point. 

IL If a curve in space is defined by the equations 
X -2a cos t, y=2a sin ty z = hf'y 
prove that the radius of circular curvature is equal to 


aV 


+ 6*'+6V]* 


12 . 


In any curve if B be the radius of spherical curvature, 
o the radius of absolute curvature and i the tortuosity at any 

r cr 

point (osy py z)y thou 

IS. If the tangent and the normal to the osculating plane at 
any point of a curve make angles a, /3 with any fixed line in space. 




Wv 


(S)> 


1 + 




gbew that 


sm a 


da 


where 

Bmp dp p p 

tertucmty respectively. 


are the curvature and 


14 - 
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14. 'Fixid the curvature and torsion at any point of the curve 
in 'question 5. 


15. Prove that the origin is the centre of absolute curvature 
of the curve aoc^ cz^ ^1, ^ n/ -h = I at all points, 

whose co-ordinates satisfy the equation 


a — r 
iZc 


. b-r . c—r. 
c - a -h 


0 . 


16. A curve is drawn on a right circular cone always inclined 
at the same angle a to the axis ; prove that o* =* p tan a. 

17, If p, <T be the radii of curvature and torsion at any point 
of a curve in space ; p', <r similar quantities at the eorres|>onding 
point of the locus of the centre of spherical curvature, then 

pp' « crtr. 


18. Every portion of a curve is equal and similar to tht» 
corresponding portion of the edge of regression of the polar iur» 
i^ce ; prove that the tangent to it makes an angle of 45^ with a 
fixed plane, and that its projection on that plane is the ©volute of 
a circle. 


19. Bhew that if along the tangent to any curve a point be 
taken at a constant distance c from the point of contact of the 
tangent to the given curve, and if />, be the mliuii of curvature in 
the osculating plane of the curve traced out by the pomt, then 


p‘ 


C*p*(«' + P*) 


.(cVp*. 


d»} 


where p and cr are the radii of curvature and torsion of the given 
ourva 


20. A circle of radius m m traced on s pice© of piper, wbicli 
is then folded so as to become a cylinder of raciiiw h ; slinw tl»t, if 
p he the radius of curvature at any point of the ciirv© wliicli th© 

III » 

drole now beooma, then ^ where $ is tit© d»tiinee, 

measured along the arc, of the point from a certain fixod poitit id 

the curve. 
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CUBVATUKE OF SUBFACES. 

14*1., Wb have already seen, in Art. 209, that the section 
surface, by a plane parallel to and indefinitely near 
tangent plane at any point 0 on the surface, is a conic, 
hi iB called the Indicatrix, and whose centre is on the 
ia.1 a,t O. 

#42. Xiet any section of the surface, drawn through the 
ia.1 O ’P”, cut the indicatrix in the diameter QVQ\ and let 
f tile radius of curvature at 0 of the section. Then we 
in the limit, 2p.0V—QV\ Hence, for different 
ml sections througn 0, the radius of curvature varies as 
of the diameter of the indicatrix through which 
passes. 

24 * 3 . Since the sum of the squares of the recipmcals 
itiky two perpendicular semi-diameters of a conic is 
tiin't, it follows from the last article that the sum of the 
jroeals of the radii of curvature of any two perpendicular 
ii.a.1 sections through a given point of a surface is con- 
t. 

Since the semi-diameter of a conic has a maximum 
a* minimum value, it follows from Art. 242 that ther 
«s of curvature of a normal section through any point of 
t rfa.oe lias a maximum and a minimum value, the corre- 
idling sections being those which pass through the axes of 
ind.i<mtrix. 
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The maximum and minimum radii of curvature are called 
the principal radii of curvature, and the corresponding 
normal sections are called the principal scctionR. 

The locus of the centres of principal cupature at all 
points of a given surface is called its surface of centres. 

245. If the axes of x and y he taken in the direction of 
the axes of the indicatrix the equation of the surface will be, 
■when the terms of the third and higher orders arc neglected, 
‘iz = an? + hr/. 


Let Pj, Pj be the principal radii of curvature, that is the 
radii of curvature of the sections made by the planes y «= 0, 

1 1 

» — 0 respectively ; then it is clear that p, >= - , and P* “ ^ • 


Hence the equation of the surface will bo 


Pi 


The semi-diameter of the indicatrix winch makes an 
angle 0 with the axis of x is given by 
22; coB ^0 sin^^ 



If p be the radius of curvature of the correiponding 
section, we have 


Hence 


1 cos^^ sin^^ 

P Px P» 


The results of Articles 248, 244 and 245 are due to Euler. 


246. When the indicatrix at any point of a Hurfaco is an 
ellipse, the sign of the radius of curvature is the wuniis for all 
sections this shews that the concavity of all is 

turned in the same direction, «o that the surfiice, in the 
neighbourhood of the point, ia entirely on one side of tlie 
tangent plane. The sur&ce in this casi} is said to be 
Synclastic at the point. 

When the indicatrix is an hyperltola, the sign of the 
radius of curvature is sometimes positive and sometimes 
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negative, shewing that the concavity of some sections is 
turned in opposite directions to that of others. The surface 
in this ca.se is said to be Anticlastic at the point. 

The radius of curvature of a section which passes through 
an asymptote of the indicatrix is infinite ; hence the 
asymptotes divide the sections whose concavity is turned one 
way from those whose concavity is turned the other way. 

In fhe figure of Art. 71, the concavities of the sections 
by the planes a? = 0 and y —0 are turned in opposite direc- 
tions ; nrid the normal sections through the two generating 
lines at O are the sections of zero curvature. 


When the indicatrix is a parabola, that is to say is two 
parallel straight lines, which become ultimately coincident, 
one of tlxe principal radii of curvature is infinite; and, if 
be the finite radius of principal curvature, the curvature oi 

any other normal section is given by the formula - = 


Px 


24iT- To find the radius of curvature of any ohlique 
section ojfa surface. 

Let any oblique section through the point 0 of a surface 
cut the indicatrix in the line RKR\ and let the normal 
section, through the same tangent line cut the indicatrix 
in the line parallel to RKR\ Let jST, V be the middle 

points of QQ^ respectively, and let p, he the radii of 

curvature of the sections ROR\ QOQ' respectively. 

Then we have, in the limit, 

2p.0K = RlP, 
and 2p,.0F=QP. 

But OF", and therefore VK, is small compared with QV ; 
hence MM' and QQ' are ultimately equal. Also 

OF=OJrcos0, 

where, 0 is the angle between the planes ROR' and QOQ'. 


t 216 LINES OF CUKVATURE. 


Hence we have ultimately, 

P a 

or P^Po 

This is called Meunier’s Theorem. 


24f8. From Meunier’s Theorem, and the theorem of Art. 
245, it follows that if two surfaces touch one another, and 
have the same radii of principal curvature at the point of 
contact, then all sections through that point have the same 
curvature. 


249. The following proof of Meunier s Theorem is due to 
Dr Besant. 

Let OT be any tangent line at the point 0 of a surface, 
and let P be a point contiguous to 0 on the normal section 
through OT, and Q a point contiguous to 0 on an oblique 
section through OT. Then a sphere can be described to 
touch OT at 0, and to pass through P and Q\ and the 
sections of this sphere by the planes TOQ, TOP are 
ultimately the circles of curvature at 0 of the sections of 
the surface by those planes. Hence, as Meunier's Theorem 
is obviously true for a sphere, it is true for the surface. 

Ex. 1. Find the principal radii of curvature at the origin of the surface 

Am, 

Ex. 2. Find the radius of principal curvature at any point of the curve 
of intersection of two surfaces. 

Let p be the required radius of curvature at any point P. Let the 
surfaces interseot at an angle a, and let d, a - 0 be the angles between ihe 
principal normal of the curve of intersection, and the normals to the two 
surfaces. Let p-^, p^ be the radii of curvature of normal sections of the tFO 
surJ^ee through the tangent line at P. Then, by Meunier’s Theorem, 

p=p^ cos 6, and p=p 2 00 & {a- 6), 

Hence, eliminating 8, we have 

sin^a 1 1 2 cos a 
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Def. a line of curvature on any surface is a curve 
ia.*b the tangent line to it at any point is a tangent line 
of the principal sections of the surface at that point. 

The normals to any surface at consecutive points of 
its lines of curvature intersect 
JP he B>ici extremity of an axis of the indicatrix which 
>onds to the point 0 of a surface, then 0, P are 
ative points on a line of curvature. 
t V he the centre of the indicatrix, then OV will be 
rnaal to the surface at 0. 

e tangent line at P to the indicatrix is perpendicular 
normal to the surface at P ; it is also perpendicular to 
nd , since P is an extremity of an axis of the indicatrix, 
ngent line is perpendicular to PF. Hence OF, PF, 
ne normal at P are in a plane, and therefore the 
Is at 0 and P will intersect. 

nversely, if the normals at P and 0 intersect, the tan- 
.rie at P to the indicatrix will be perpendicular to the 
which contains the normals at 0 and P ; therefore the 
it line will be perpendicular to PF, and hence PF is 
s of the indicatrix. 

2. To find the differential equations of the lines of 
wre on any surface. 

t F(a), y, z) = 0 be the equation of the surface. Then 
uations of the normal at any point (<r, y, z) are 

rj-y ^-z 
dx dy dz 

10 normal at the consecutive point 

{x ‘hdx, y 4- dy, z -h dz) is 
E-X’-dx V-y-dy ^-z-dz 
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the equation 


1 of intersection of 

the two normals 

dx, 

dy. 

dz 


dF 

dF 

dF 


dx’ 

dy’ 

dz 



4 ?). 

dm 


.dxj’ 

\dy)’ 

\ dz J j 



Since {x + dx, y + dy, z + dz) is on the surface, wo have 
also 

dF 1 dF jj dF j 

■^dx + ^dy + -^dz=0...{n). 

The equations (i) and (ii) arc the required differentia! 
equations. 


253. To find the principal radii curvature, mid the 
lines of curvature, on a surface ofrevoltdmk 

It is clear that the normals to the surface at all points on 
a meridian lie in the plane through the aiis and ^ that 
meridian ; hence normals at consecutive pointe on a meritlian 
interseot, so that any meridian is a line of curviitiire. It b 
also clear that the normals to the surface at all miints of niiy 
circle whose plane is perpendicular to the min oi the 
meet the axis in the same point, and therefor© any such 
circle is a line of curvature. Hence the lines of ciirvaltiro 
are the meridians, and the circular sections which are per- 
pendicular to the axis. 

It is easy to see that one of the prinei{ial rialii at itny 
point P is the radius of curvature of the gmmmimg mrm at 
P ; and that the other piinciprd radius is the Icngtli of tiui 
normal intercepted between P and the axis. 

254 The tangent plana to a developable foiiclicii tlic 
surface at all points of a genemtiag line?. ITio tiorinak 
to the surface at all points of a generating line are tlieriffnrii? 
parallel; hence normals at consecutive points infiiwect, m 
that one set of the lines of curvature of a dcvcflopublo nrn the 
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generating lines, the corresponding radii of curvature being 
infinite. 

The other lines of curvature are curves which cut all the 
generating lines perpendicularly; and hence, if the surface 
be developed into a plane, the lines of curvature will become 
involutes of the curve into which the edge of regression 
developes. 

In the particular case of the developable being a cone, 
the lines of curvature will cut the generating lines at a 
constant distance from the vertex, and hence they are the 
curves of intersection of the surface and spheres with the 
vertex for centre. 


Ex. 1. Find the surface of revolution which is such that the indicatrix 
at any point is a rectangular hyperbola. 

The principal radii of curvature must be equal and opposite at any point. 
Hence the radius of curvature at any point of the generating curve must be 
equal and opposite to the normal : this is a known property of a catenary. 
Hence the surface is that formed by the revolution of a catenary about 
its axis. 


Ex. 2. Shew from the general differential equations of lines of curvature, 
that one system of lines of curvature on a cone are the generating lines, 
and the other system are the curves of intersection of the surface and con- 
centric spheres. 

The equations are 


dx , 

. 

dz 

=0 



dF 

dF 

dF 



dx ’ 

dy ’ 

dz 




lo- ^(f). ^(f)i 

and ^ dx+ ^ 

dx dy ^ dz 


Since the surface is a cone whose vertex is at the origin, we have 



dy ^ dz 


=0 ... 




(iv). 


therefore from (ii) 
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MaltJplj the terms of the columns in (i) bj anil &cM; 

than on account of (iii) and (iv), (i) will bf-come 

dx , # » + + 1*0. 

dF dF .. j 

5i ^ dy 




From (v) wa have ^ 4 s* constant, 

shewing that one mnm of tho lines of curmture are ilw curves of 
section of the surface and concentric apherifM. 

From (vi) we Irnvo 

dF dF dF 


dm dy dz 
m n 

where f, m, n are constanti. Hcfuce, from (ili), Imvt 
Ix^^my-hns^Qt 

which shews that the other aerka of linos of curvalun mm ill# gftnemlliig 
lines. 


Ex. S. If two surfaces cut one aaothtr at a conilaiil anilii, mi tiM 
curve of intarsictlon Im a line of curvature on nn^ of tlii iiirfac#*, ii will hi 
a line of curvature on the other. 

Let F, Q be any two eonseciitivc |Kunti on the ciirvt of inlem^lioii, mi 
let Odb be the Mne of int#r»#etion of the normal pkn^ id tin* curt it al I\ 
where 0 is in the osculating plane of the arc IV* If tlm ciirte of inter* 
section b# a lini of curvature on one of the aurfaft!#, tlm npitnmk ki ll«t 
surface at P, Q must i.nti»oct, they will thcitff»r# fi»l lh« liii# iMi/ in tint 
point, a s«pnO'«t. 

liCt the nomiis to th« othtr «rfsce at P, ^ mmd Omb in c, / 

The trisnglis OFa, OQm Mi «i|nsl in all w#|iwli, for l¥i® yil, mQa^ 
and Oa it ewnmoa. And* iln^ Iht surface inmrnm at a 
the anglts aP$ and aQ^ mm Thtrcfon tli« afiglu OlV, ar« »|i«L 
But to angl« FOc, QOe* aw and Tlii^rrCorit 

This proves to prop^tos* 


Ex. 4 . If to line of ialt-wicllon of two m line »l eitrtalww 

« both, to two Mmtmm cut at a ^aitaitl 

For let F, ^ bi any two «i«wtivi pointe m to cart# of | 

let to normals to one al F, Q awl in o* »»i Ibi Rorwili iii tlti 

otor surface meet In h Ti«a, w# have P^mq^t » #» and 0b «»«»#» 
to to two Irfan^ aF&, uQb* Htat# to aiigta aPb af» mm 


dupin’s theoeem. 
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curvature be a plane curve its plane -will out tbe 
guriace at a constant angle. 

Any line is a line of curvature on a plane (or on a sphere). The theorem 
therefore is a particular case of Ex. 4. 


<if surfaces intersect at right angles at 
all their common points, the cv/rve of intersection of any two 
^ a, line of curvature on each, (Dupin’s Theorem.) 

T ake for origin a point of intersection of three of the 
surfaces, one of each series, and let the three perpendicular 
tangent planes be taken for co-ordinate planes. The equa- 
tions of the three surfaces will then be 


2/r q- ay^ + hz^ + 2hyz 4- 

....=0 


+ aV + h'x^ + Hizx 4 

.... = 0 

(ii). 

2^ + aV+ l"f+ ^h"xy+ 

= 0 

(iii)- 


At a consecutive point common to (i) and (ii) we have 
x^O, 2/ = 0, .sr = ; 2 r', where / is very small; and the tangent 
planes to (i) and (ii) at (0, 0, /) are ultimately 


X -f- hzz + hyz = 0, 
y + h'xz = 0. 


The condition that these may be at right angles gives 
hJz -f hz + a'bz'^= 0, 

or, ultimately, h + h' = 0, We have similarly, since the other 
surfaces cut at right angles, K -f W = 0, and A" A = 0. 
Hence h^h' = A'^ = 0, and therefore the axes are tangents to 
the lines of curvature on each surface. This being true at all 
paints of intersection of three surfaces, it follows that all 
curves of intersection of two surfaces of different systems are 
lines of curvature on each. 


"We have proved in Art. 164 that confocal conicoids cut 
one another at right angles at all their common points. 
Hence, one system of the lines of curvature of an ellipsoid 
are its curves of intersection with confocal hyperboloids of one 
sheet, and the other system of lines of curvature are the 
mrres of intersection with confocal hyperboloids of two sheets. 
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PBINCIPAL EADII OF CURVATUUE. 


256. To find the principal radii of curvatnre at any 
point of a surface. 

Let r), ? be the co-onlinatcs of the point of interaoc- 
tion of the normals at two con.secutivo jwmts {x, y, s) and 
(x + dx, y-^dy, z + dz) of a surface, and let /> k* the radiiw 
of curvature at {x, y, z) of the normal section throngii those 
points. Then [Art. 251] p is one of the* principal ra«iii of 
curvature, and we have 

y-y __ — P P 

^ = ir'liF /wdiV . «iF\‘ . /<fF ‘ 


dx 


dF liJr /] / - iiFfi 

dy dz V ilSxv u//// vli/j 


p dF p dl* y 

f ^ -j- ^ > V — y 4“ " f f ^ -r - » 

^ Kdx ^ Kdy K ds 

And, since (^, y, 0 is also on the norma! at {x + dx, 

y+dy, z^dz), we have by differentiating the preceding 

equations, considering f, y, p as constant, 

and two similar equations. 

Since 


.(dF\ d^F , ^ 

fdF\ /d-F" 

and similarly for d d j , the equations may he 


d*P , . d*F , 
dxHy^ dxdz' 


written 


- r>cd^F\, ^d*F , ^ d'F 
^ = Vp ^~d^) ^^l^y^^'^dxds 
. d^F , fK ^ d'Fs . 


dz 


dxdy 
d^F 
dxdz 

We have also 


'ic dfF' 

P dy* 

d*F , .fK i*F\ 






d^dF 

d^dF 
■ «■ dy ' 
dadF 

K th 


0 


rMiiiiJCH. 


223. 


‘ijiiii lJp4 


il‘F 

d^F 

tPF 

dF 

= 0. 

(/.r’ ’ 

da d»f ' 

d.rdz ' 

; 

d'F 

K tpF 

tPF^ 

dP 


d.r>l>i ' 

P '*■ d;,‘ ' 

d>fd : ' 

dtj 


d<F 

d^F 

K 'd F 

dF 


tLi'fh ' 

d;/d, ' 


dz i 

dF 

dF 

dF 

<> 


dj: * 

'O' 

7h ’ 



257. /i rid ti I ic# nf it f$. tj mt r/ace* 

Al iifi iitiiliili« t}if? ifiilkiitriic m a circle. 

Lt»i «*f fill! niirfiicii bn y, 5r)«s0, and 

lilt '(j\ !f\ hp iiiij «»i it. TliiM^rjiiafcicmof the surface 

p€i*rrwl l«i fifiinillid m%m ibrougli (m\ /, /) will be 


dF dF dF . / d 


^ If 



an 0 . 


Iletirfi iliw itidiriilrii in iiiiiilirr ie tlie section of tbe 


d^F . FF , ^ d F . ,, iPF 

iPF iFF 


by th« plan« 


,iF *IF . dF . 


-a), 

...(ii). 


f«««i WH lwv*t j»liri !i4y fbiiiiij { Art. 1 Kx. 5] the coaditions 
fbwt » wettun mF a «:«nit’oW may b« circular. 

Fr»jw the ri 'nfii of Art, 2S6 it m clear that the two value# 
of ^ i«r«' ihe «>f tlw» asm of the necdoa of (i) by (ii). 
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PKINCIPAL KADII OF CURYATURE. 


258. To find the radii of principal curvature, and the 
lines of curvature, of the surface whose equation is j 2 =f (x, y). 
Let (^, Tj, f) be one of the centres of principal curvature 
at the point (x, y, z), and let p be the corresponding radius 
of curvature. Then, the equations of the normal at (x, y, z) 
will be 

^ tj-y ^ p 

p q -I 

therefore ^ — x = —p (X — z), 

and 

Since the normal at {x-^dx, y-^-dy, ^ 4 -^, 2 ?) also passes 
through (^, 7), f) we have, by differentiating the preceding 
equations, 

-- dx — — dp X— z) pdz, 
and —dy — ^dq (^— <2^)4* qdz; 
that is —dx^p (pdx + qdy) — X—z) (rdx + sdy) . . . (i) 

and —dy = q {pdx + qdy) - z) {sdx + tdy), . . (ii). 

Eliminating f — 2 ; from (i) and (ii) we have 

(1 +p^) dx-{-p qdy _ pqdx 4 (1 + f) d y _ 
rdx 4 sdy sdx 4- tdy ’ 

therefore (1 +p^) s —pqr 4 {(1 4jp®) ^ ^ 

+ {pqt-s{l + q^)]{^ =0...Ciii), 

which is the differential equation of the projection of the 
lines of curvature on the plane ^=0. 

Again, from (i) and (ii) we have, putting x for 

\/l 4 4 9 *, 

^1 +/ + ^) cZflj + (pg- + ^) % = 0 , 
and {^q + ^) cZa; + (l + g* + dy = 0. 



OAfHH' MKAHrilB m CUilVATURE. 
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Ht'jict) 




4-/) + r(l +f/’)- 2 /) 2 «Jp + «’'-0...(iv), 
wliiih ifi !i» « Kiviiig ih« priiicipal radii of curvature. 

2,y.>, At Hit uittitiUcus th« tlirectitms of principal curva- 
tiirt! art* indi't* ritiiu t**- ; htnrf tliu conditions for an umbilicus 
art*, front i tpiiuioii [iii; of tho lust Articlt*, 

I + /»’ 1 t t/’ pfi 

r e IT 

ffi0, I)Er. Tli«» tplmli* curmitim of any portion of a 
iiiriiicrc** t^y » f‘I«fir4 c.mm% ia to tlio area cut 

of froiii II ?»|*lirrii «if liiiit riiilitiii liy radii which are parallel to 
Iht! riiiriiiiiln l«i III#'* fit lill inimiM of the curve. 

Tli«-^ nwmffe i:nrmiii.m of iiiiy jiorticin of a iurfaee is the 
ratio *if llo:? wiiiiln ciirviiliire lo itic area of that pirtbn. 

Tli« «/ ciiraii*ir« at any pint ii the average 
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geodesic lixes. 


is ultimately — , and the angle between tlm nonniilH at P 

pq ... 

and 8 is ultimately — . where p, are the pnnc»i«tl radii 

PQ 1 .1 . . 

of curvature at P. Hence pq ‘ 

Pi rt 

PQ pl^ 

area of pqrs is ultimately — , Hcnci* flic itic’iiniitt* ci| 

PiPt 

curvature at P, which by definition is tlie liiiikiiig i#f 
area pq'>^ • _1_ 

area PQRS ' pj>^ * 


Geodesic Ltner 

262. Def. a geodesic line on a surface! m niieli ihiil fiay 
small element AB is the shortest line which eaii be driiWii 
on the surface from A to P. 

The length of the line joining any two irnkfiiiitely iiciir 
points will clearly be least when the curvature is IciwL Utit 
by Meunier’s theorem, the curvature of a RtirffM^c f lirotigh a 
given tangent line is least when the siMkiciii in a tiormal 
section. Hence at any point of a geodesic liiwi on m iiirfiiai tin.! 
plane of the curve contains the normal to tfiii lliai 

the principal normal of the curve coincfiilai with tlict nortni! 
to the surface. We therefore have at any point of ii getMlciic 
line on a surface 

d^co dPy dh 

de d/ W 

dx dy ISLz 

CUBVATUBB OP COXICOIM, 

_ 263. Since all parallel sections of a eoatedtl are similar, 

it follows that the indicatrix at any point P of a coniwid w 
similar to the central section which is parallel lo the tanirenl 
plane at P. Hence the tangents to tl»> liiw* of rwmtm 
at any point P are paralld to the axes of that central snrtitaj. 


CURVATURE OF CONICOIDS. 
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Jfow, by Art. 167, the lines which are parallel to the axes 
of the central section are the tangent lines at P to the curves 
of intersection of the conicoid with the confocals which go 
throtigh P. Hence, as we have already proved in Art. 265, 
the of cwvature of a conicoid are tlie curves of intersec- 
tion tinth confocal conicoids. 

204. We can show that the lines of curvature on a 
conicoid are its curves of intersection with confocals in the 
folIo"’‘CK' manner. 

At points common to 


a 



(i). 


arKl 


we have, by subtraction, 

^ j ?/* 


*4" X 0 Hh X 


.(ii), 


a (a + X.) 6 (6 + \) c (c 4- X) 

Differentiating (ii) and (iii) we have 


.(iii). 


cedx , ydy 




a + X o + X o+X 

xclx 


ydy zdz 


= 0 . 


•(iv), 

..(V). 


a (a 4- X) 6 (6 + X) c (c 4-X) 

The elimination of o + X,6-f-X,o4-X from (iii), (iv), 
(v) gives 

j « y z 

I a 0 c 

I dw, dy, dz 

\dx dy ^ 

^ a ’ h ’ c 


= 0 


•(vi). 


which in the differential equation of the curve of interaection 
of (i) aucl any one of its conftxads; mid it is easy to see, by 
eomj^ring with (i), Art. 262, that (vi) is the diff®rentim 
eciaatlon of a line of curvatura 


15—2 
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LINES OF CUBVATUBE OF OONICOUW. 


265. The radius of curvature of any nornial sertioa of a 
central conicoid may be found as follows. 

The radius of curvature of any central section of u coni- 
coid through a point P is, by a tvell-known fornmla, eipial to 

— where d is the semi-diameter parallel to the fittigeiit nr 
p 

and p is the perpendicular from the centre on the tiitigeni 
at P. Hence, by Meunier’s Theorem, the riuliuH of ctiri^atiire 
of any normal section of a conicoid througJii the p ig 

equal to — , where p^ is the perpendicular from the mitre 
JPo 

on the tangent plane at P, and d is the Heiiiioliiirneter 
parallel to the tangent line at P; for the coaine of t!i«> angle 

between the normal section and the central iiectif n is . 

P 

266. At any point of a line of cwnmtnre of u ceiitml 
conicoid, the rectangle contained by the diameter pamlkt ig fin* 
tangent at that point and the perpendicular from the centre im 
the tangent plane at the point is constant. 

Let p be the perpendicular from the centre on lliii tfiijgtnt 
plane at any point P of a given line of eurvat4jre, and hi % 0 
be the semi-axes of the central section {mrallel to the taiigiiiit 
plane at P. Then, one of the axes, a supjKiic?, fiariillei to 
the tangent at P to the line of curvature, and tliii other miin 
is of constant length for all points on th© lin© cif cwrviitiire 
167, Cor.]. Hence, since p%0 is ccinsfcaiil, it BMum 
that pa IS constant throughout the line of curviittire* 

267. At any point of a geodesio on a cmtml mMiimid, 
rectangle contained by the diameter paralkl to ilm iamjmi ai 
tfmt point and the perpendicular from the centre i/m tfimmii 
plane at the point is constant, * 

/YV>f equations of a geodesic on the wiiicoid 

aar -toy -f-cz ^1 are 


geodesics on conicoids. 
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// fl 

or *- = |_ = £_ = X (i) 

ax by cz 

"We have to prove that py is constant, ■where 

+ + (ii)^ 

p = aV + Sy + cV (iii). 

Differentiating hy^-^-cz^ — l twice with respect to s 
we have ' 

ax'^ -f 4- oz^ + axx' 4- byy' 4- czz" = 0 (iv). 

From (i) we have 

^ J3/y"4- czz" y ^ ^ 

= ~WT¥f+7 ^ = 

L. 

AUoX-2|2;±MC±^.^, from (ii) and (iii). 

4- 6 yy 4- c^zz 1 dp ^ ^ ^ ^ 

p^ ds 

Hence 1 ^ 4 - 1 ^ = 0, 

T ds pas 

and therefore pr is constant. 


Ex. 1. The constant jpr is the same for all geodesics which pass througli 
an nmbiKc. 

This follows from the fact that the central section parallel to the tangent 
plane at an umhilic is a circle, and therefore the semi-diameter parallel to 
the tangent to any geodesic through an umbilio is of constant length. 

Ex. 2. The constant pr has the same value for all geodesics which touch 
ttie same line of curvature. 

At the point of contact of the line of curvature and a geodesic which 
touches it, both p and r are the same for the line of curvature and for Ihe 

geodesic. 

Ex. 8. Two geodesics which touch the same line of curvature make equal 
angles with the lines of curvature through their point of intersection. 

Erona Ex. % the semi-diameters parallel to the tangents to the two 
geodesies, at their point of intersection P, are equal to one another, and are 
therefore equally inclined to the axes of the central section which is parahel 
m th© tangent plane at P. But the axes of the central section are parallel to 
the tangents to the lines of curvature through P: this proves the proposition. 
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EXAMPLES ON CHAn'Eli XIL 


Ex 4 Two geodesics which pass through imihilici tmke mpml 
with the Hnes of curvature through their poiat of mUmmtkm. 

Ex. 5. Any geodesic through an umbilic will p&is tliroagli tlici opiionif*. 

umbilic. 

Ex. 6. The locus of a point which mova» so that llio ptirn, nr lli# clifftr. 

ence, of its geodesic distances from two adjacent uiiiliiliefi m mmumt, m » 
line of curvature. 

Ex. 7. All geodesics which join two opposite! urn of mimtmtt 

length. 

Ex. 8. The point of intersection of two goiMlonie taiigniiiM in a gifun lim, 

of curvature, which intersect at right angles, is on fi Bphmu 

Let Tp 7*2 be the semi-diameters parallel to tlwi liini|niii« tci tin* pMnkmm 
at P, their point of intersection. Then, siiice the ciil bI riMlil 



where a and ^ are the semi-axes of the cscntral nwillori parillul to tlii tiiiigpiit 

plane at P. Put, if p be the perpendionliir on tlio plmm tt thm 

pri=p7*2= constant, from Ex. 2. Hanot, sliic© fmfi m ewfiiiliifit, ainl almi 
OP®, it follows that OP is cons tout. 

Ex. 9. The point of intersection of two muf m til" 

two given lines of curvature, which out at right angliii, m nii n .«|i|it*re,' 


Examples on Chaitkk XII. 


1 . A surface is formed b7 the revolution of a jwmliola aW, tit 

its directrix ; shew that the principal mirvinUittw at any 
in a constant ratio. * 


2. If p, p' be the principal radii of curvataro of ntiy «oj„t „f 
an ellipsoid on the line of its interseetion with a ffvci, mtmntm 

sphere, prove that the expresrfon will he invariable 

* 


mLflL + !>e the wpiation to a 

where w, is a homogeneous fhnotion of jb, y, #, of the rth dottre*. 
then M. + M, + «. (fe + my + «s) « 0 will be t»« genera! «jiwtfen of 
surfaces of the second order having the curvature at ilir 
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4. The normal at each point of a principal section of an 
ellipsoid is intersected by the normal at a consecutive point not 
on the principal section ; shew that the locus of the point of inter- 
section is an ellipse having four (real or imaginary) contacts with 
the evolute of the principal section. 


5. In the surface y cos - ~ a? sin - = 0, 

^ a a 

..j. 

the principal radii of curvature at {x, z) are 

Qj 

6. Shew that the umbilici of the surface 



lie on a sphere whose centre is the origin and whose radius is 


equal to 


ahc 

ah-^hc-^ca 


7. The centres of curvature of plane sections of a surface at 
any point lie on the surface 

\Pi Pa' 

8. Prove that the line which separates the synclastic from 
the anticlastic parts of a surface is a line of curvature, and that 
along it the inflexional tangents coincide. 

9. The projections of the lines of curvature of an ellipsoid on 
the cyclic planes, by lines parallel to the greatest axis of the 
surface, are confocal conics. 

10. If ozie of the lines of curvature on a developable surface 
lies on a sphere all the other lines of curvature, other than the 
rectilineal ones, lie on concentric spheres. 


11. A plane curve is wrapped upon a developable surface. 
If p IB the radius of curvature of the plane curve at any point, p' 
the corresponding radius of circular curvature of the curve upon 
the surface, E the corresponding principal radius of curvature of 
the surface, and ({> the angle at which the curve intersects the 


generator of the surface, 


sin^<^ 
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EXAMPLES ON CHAFl’EE XtL 


12. If one system of linen of cnrviifcnre of a surface are 
ciicles, tlie surface is the enveloj-aj of a sphere wliosii centre nicivi‘« 
on a given curve. 

13. If a geodesic line is either a line of ctjrvnture or ii pliini* 
curve it is both; but a plane line of curvature ii iioi itifCiifSiirilj 
geodesic. 

Shew that if on© serieg of the Hum of curviiture is gmilmlc 
they arc all repetitions of the game plane curve. 

14. Shew that if the normal to a surfiic© iilways 
through a given curve, one set of the lines of curviitiire nr#* eircleg; 
and that those normals which pass through a given fjoint on the 
curve are generating lines of a right cone whomi axi« in the 
tangent at that point. Hence shew that if thfi riontiiil almoiys 
[jasHos through two curves, these curves must k* eoiik?* in 

at right angles, the foci of one being the verticils of tin* otlror, 

15. Find the dijffcrentia! equation of the |>rojit«»tiiin cm the 
plane of each family of Hnc*s of curvntura of thif stirfiio* wtrieli 
is the envelope of a sphere whose centre lies c»n the pariilmlii 

+ 0, jsaaO, and which passes through the origsin 

16. Shew that the pririci|ml ciirvatunm iit any pc#itit of a 
surface are given by th© equation 


iU 1 

dl 

M 


dlj 

Ii 

dm 

dm 1 

dm 



th 

dn 

dr% 

th 

(h ^ 

^ ’ 



where f, m, n are tiie directioa-awiiii^ of ilm iifirnml ti tin 
point. 

^ 17. The tangent pkniti to the siirfi« of ceairti »| tie two 
immts where any no,nrmI mtmU it tm at right ati|lm 

IS. Shew that th© point for which » f ^ i in an iiia Wile ©f 

and th© imdins of curvature tlitr© si 


a 

f#i - 1 
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19- In a hyperbolic paraboloid, of wliich the principal para- 
bolas are equal, the algebraic sum of the distances of all points of 
the same line of curvature from two fixed rectilinear generators is 
constant. 

20. Along the normal at a point P of an ellipsoid is measured 
FQ of a length inversely proportional to the perpendicular from 
the centre on the tangent plane at P; prove that the locus of Q is 
another ellipsoid, and that the envelope of all such ellipsoids is the 

surface of centres,” that is the locus of the centres of principal 
curvature. 

21. Shew that the specific curvature at any point of the 
surface xT/z = a&C varies as the fourth power of the perpendicular 
from the origin on the tangent plane at the point, and that at an 
umbilicus it is ^ (ahc)"^. 

22. If a surface have one principal radius of curvature con- 
stant it is the envelope of a sphere of constant radius. 

(F 

23. Find the umbilici of the surface -f ^ and 

a 0 c 

shew that at the umbilicus ~ the directions of the three 

a 0 c 

lines of curvature are given by the equations 

and ^ ^ respectively. 

a 0 h c c a ^ 

24. If two geodesics be drawn on an ellipsoid from any point 
to two fixed points, the sine of the angle between them varies as 
the per|>endicular on the tangent plane at the point. 

25. Shew that on a sui-face of revolution, the distance of any 
point of a geodesic from the axis varies as the cosecant of the 
angle between the geodesic and the meridian. 

26. If a geodesic line be drawn on a developable surface and 
cut any generating line of the surface at an angle and at a 
distance ^ from the edge of regi'cssion measured along the generator, 

prove that 

dt 

^+COt^.« = p, 
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where p is 
at the point 


the radius of curvatiut) of the of rop-mion 

where the generator toucheH it. 


97 Shew that the tangent to u go*Hl.-Hie or hii.. ni rurvutun- 
on a quadric always touches a geodenic or hue of eurvaiiir. 
respectively on a oonfocal quadric. 


28. Shew that the reciprocals of th.* radii of ciirviituro niid 
torsion of a curve drawn on a dovelopahlo stirforr arc 

sin® B , ^ 

— ■■ and — ■ ■ » 

pcosa P 

where p is the principal radius of eurvaturo of tlic stirfarc at tl,.. 
point 6 the angle the tangent line to the eiirvo nmkes with the 
eenemtor through the point, and a th« angle ls*tw«-en Uie normal 
to the surface and the principal nonnsl of the curve. 

If a creodesic on a develoj^ihlo surfaco lit; a phiiic curve it muhl 
be one of the generators or else the surface miiHt la* a eylinder. 

29 If - and - be tho curvature ami t*»rtmi»(ity at any jioiiit of 
p a 

I 1 

a geodesic drawn on a surface, and - l.»c lliit iiriiicifial ciirv4i.iiirt.> 

p, Pi 

of the surface at that point, shew that 



30. Through a given generali»r of a liyjmrliiilriltl nf fint? 
draw a variable plana ; this will touch this iui'fwt^ at 
A on the generator and will contain tliii itorraal tlm iit 

another point JB* Shew that th« siini of tin* 0 * 111 % $i llir 

measures of curvature of the surface at d niitl H w tmmtmnl hf 
planes through this generator* 

Hence shew that the same projMmlli«'*ii fi Irtii* ftir aii| fc|ii*w 

surface. 


31. If -zzr be the pitch of the mmw by wbiiti mmj f#iitf»tor tf 
a skew surface twiste into its ^uiieiitivt »liw llimi 

w^ + pp 0, where p, p' are the prtnei|«l imdii of tiiwaltiw il llii 
point where the sliojtesfc ciisl^acii betwMa ll« two 
generators meets them. 
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32. If a geodesic be drawn on an ellipsoid from an umbilicus 
to an extremity of the mean axis, prove that its radius of torsion 
tile latter point is 


wbei-e a, h, c are the semi-axes of the ellipsoid arranged in 
descending order of magnitude. 

33. If from any point on a surface a number of geodesic 
lines be drawn in all directions, shew (1) that those which have 
tbe greatest and least torsion bisect the angles betweei#4he 
principal sections, and (2) that the radius of torsion of any liuej 
making an angle 6 with a principal section, is given by the 


equation 


are the radii of curvature of the principal sections. 


34. Find the equation to the surface which is the locus of the 
central circular sections of a series of confocal ellipsoids. Prove 
tHat this surface cuts all the ellipsoids orthogonally, and that the 
orthogonal trajectories of the circles, drawn upon the surface, are 
lines of curvature upon two hyperboloids confocal with the 
ellipsoids. 

35. If a cone of revolution cii’cumscribe an ellipsoid, prove 
that the plane of contact divides the ellipsoid into two portions 
whose total curvatures are 27r(l4'Sina) and 27 r (1 - sin a), where 
2a is the vertical angle of the cone. 

36. If any cylinder circumscribes an ellipsoid it divides it into 
portions whose integral curvatures are equal. 

37. The measure of curvature at any point of the surface 

+ 1 • 

where r is the length of the generator through the point cut off 
by the plane » = 0. 

38. Prove that, if radii be drawn to a sphere parallel to the 
principal normals at every point of a closed curve of continuous 
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curvature, the locus of their extremitiea tlir mirimm of tlie 

sphere into two equal parts. 

Hence shew that the total curvature of ii triitiiglii mi anj 

surface is equal to the excess of its ariglos over two riglit tmgim, 

39. Define the radius of geodesic curvatun* nf n oiirv'r flniwn 

upon a surface, and shew that at any |K»int it m i*r|ii.ril tfi /ifr«t 
where is the radius of curvature of the noruiitl eciiifiiin-. 

ing the tangent to the given curve, and ^ i»- tins iiic'liiiaiiwn of liii? 
osculating plane to that section. 

40. If a surface roll on a second surfim#* rotiitlon 

about tire common normal, and the iriirti on nno hiirfuce « » 
geodesic, the trace on the other surface is a 

Hence prove that G-auss's measure of eiirvatiirii i.i*i mUMtmid for 

all areas enclosed by geodesics. 


MISCELLANEOUS EXAMPLES. 


1. The inclinations to the horizon of two lines which are at 
right angles to one another are a, /?, the lines being on a plane in- 
clined to the horizon at an angle 6; shew that sin® 0 — sin®a + sin^ J3. 


2. Shew that the volume of the tetrahedron of which a pair 
of opposite edges is formed by lengths r, r' on the straight lines 
whose equations are 


is 


x-a 

'nr 


y-'b _ 

m 

^rr 


z- c , x- a! 

and — ^ 

n I 

a -a', b- 6 ', 


7nf 

c-d 1 . 


I , m , n 

V , m' , ri! 



3. A parallelogram of paper is creased along its shorter 
diagonal, and the two halves are folded so as to make ah angle d 
with each other : find the distance between the extremities of the 
longer diagonal, and prove that it is equal to the shorter, if 

sin® -jr = cot a cot where a and ^ are the angles the sides make 

with the shorter diagonal. 


4. The ends of a straight line lie on two fixed planes which 
are at right angles to one another, and the straight line subtends 
a right angle at each of two given points; shew that the locus 
of its middle point is a plane. 


5, The equations of three straight lines are = 1, a? = 0; 
y = andcc — y=;l, » = 0; prove that the locus of all 
straight lines which intersect the three lines is 
od + + -2yz-2zx-2xy= 1 
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6. Three fixed lines are cut hy any otlier lino In llm pfiints 
A, S, (7, and JD is the point on the Hue ABC micli tiiiit 

is harmonic: shew that the locus of D in a striiiglifc litiit. 

7. A point moves so that its j>er|MUidifiiIiir friJiii 

two given lines are in a constant ratio; show tliiti it« l<ioiii4 iin 
hyperboloid. 


8. A straight line slides upon two fixed utriiiglifc Vmm in 
such a way that the part int 0 rce|>ted «uht«*nd« h riglit angl© ai 
a fixed point ; shew that the line generiiti‘H a c*iriierdil. 

9. A sphere touches the six edges a fceimlifKlrrin ; ulmw 

that the three lines joining j>airs of oppcnite of muUmi 

will meet in a point. 


10. A straight line moves in sueli a inantier tlmt of 
four fixed points on the line is always on n givi»ii 
that any other fixed point on the line descriliim ii pliirp! f4li|iin\ 


^11. Any three points I\ Q, Ji, and the polar of tlumf 

points with reference to any coniooid am tskmth /Vjt Bli urn* 
the perpendiculars from P on the jjolar plitii« of g and M 
tively; QP^ are the j;»eij>endicul«n* from cm th»f jJtlur 

planes of Ji and F respectively; and /f/',, Uq nre iIhi itfrium 
^culars from i? on the polar plamm of l> ami q ro«w4lhd¥. 
Shew that PQ^ . QR^ . RP^ „ PR ^ . Qp ^ , ^ 

12. Shew that, if the eqtiation 


<M!® + 5^ + c** + + 2gtm + 2^^^ M 0, 

them are given by the equation ® 




* j 

ax + ky-hgz, 

ha} + bp +Jk, 

gx+/p + es 1 

1 


1 

cf-ffh ’ 

bg-y 

i 


13. Shew that, if the equation ► 

or’ + iy' + c®* + ?/!i« + 2y**+ 24itf »y. 
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sent two planes, the product of the perpendiculars on the 
'S from the point {x, y, z) is 

ax^ + hy^ -f + ^fyz + 2gzx t ^hxy 

^cc -}- 6 4 - c)® + 4 : — he) + 4 (^ — ca) + 4(A^ - ah) 

If ZT ^ (^ahcdlmnpqr){xyzwy = 0 is the equation of a cone, 
tlia.t tire co-ordinates of the vertex satisfy the equations 


dj [ 

dU 

dU 

da 

_ dh 

di 


" 0A-*' 

■*“0A 

da 

06 

dl 


3 A is the discriminant. 

>- Shew that, if the equation 

^ + hy^ 4- cz^ + %fyz + 2 gzx + 21ixy + ^ux + 2^2/ +• ^wz + d - 0 , 
sent a. paraboloid of revolution, e — h^a. Shew also that if 
^ the equations of the axis of the paraboloid will be 
ez-¥'W=^0, (ex + U) J a {cy -{-v) Jh = 0. 

I Shew that the three principal planes of the surface 
ax^ + hy^ + + 2fyz + ‘^.gzx + 2hxy = 1 

.vert "by the equations 

0,00 -h hy "hyz, hx ^ by -¥/z , gx -\-fy +cz =0, 

^00 + HZy t Gz, IIx + By^ Fz, Fy -¥ Qz 

tc , 2 / , 

s Ay jB^ (7... are the minors of a, 6, c in the determinant 

a, h, g . 

A, 6, / 

/, 0 

If T he any semi-axis of the conicoid 

ao^ t + C 2 S® + %fyz + ^gzx t ^hxy - 1, 
that the values of r will be given by 

gh — M"' ^9 + ^ /g-ch-hp 
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18. The ellipse V + ^ 0, m a pkiif* sctetiori 

of a cone whose equation, referred to its |)riiici|>iil m 
+ yay* + apz^ ^ 0, 

Shew that the vertex of the cone is on tin* curve 

fx^ + y^ ~ 1/ *1 ® _ j ^6^ - ^ V - a^f - 4- h^i »/ 'j ■» 

I i + /? + 7 j I 


+ ytt + a/i 

( afiy f 


J 


19. Shew that the conicoid -hiZ -Q « itn ^wn 

polar reciprocal with respect to any one of tho conlcoitlM 

dh ax^ ^ ^ d s 0, 

20. Find the locus of the centre of tlici s|ilif»rf! wlilrli pa*#*^ 
through two circular sections of a conit^iid wlitcli itrc of opjMMiir 
systems and whose planes are ef|uidistiint from tlm 

21. Prove that the foci of sectionii of an idlijiMiiii iiiiiiht hv 

a series of parallel planes lie on an ellipse. ^ 

22. Shew that the porpendicular from tlwi cenln* cm tin* 

tangent plane at any point of ^ « I k ^ 

^ generator through the i>oin£ cut off l.y tin* pkn.. 

rators of the hyperboloid asc* + &y + c** s. 1 , and 4/y >j- 

axe respectively parallel to A'B, B€% C'A ; «h«w tJmt, if th.^ 
p^allelopiped of which the six generators are «lge« hn complete.} 
the comers which are not on the hyiwrboloid will Ui on * ’ 

4* 4- 3 » 0, 

24. Shew that at any point the rate per unit of letigih of 

generator at which the normal to the hyjwrboloid *' i 

^ ft* 

twists round a generator as we move along it is - , ® , where r 

iL‘pla^e pnerator, of the 'p»iufe fm« 
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25. A BCDQ is a twisted pt>lygon all whose angles are right 
angles ; AB^ CD lying on fixed straight lines. Shew that if A, 
//, (/\ I) lie any points on their ix‘spective lines, the locus of F or 
Q is an hyperboloid of one sheet. 


26. If I be the latuH-rcctura of a parabola, and the 

liitfjra reeta of its orthogorial prtij(;ctu>n8 upon a rectangular system 
of co-orclinate. plunes making angles a, ^ and y respectively with 
the pkuo of the original parabola, tlujn 


2 


COH»a COH^/i COS^Y 

- 4- • ■■L 4. , 

1} 1} 


27. If tint six points on a conicoid, normals at whicl) meet 
ill a point, are joineil in pairs by three lines, prove that whatever 
mii of joining lines in taken th<? .sum of the squares of the semi- 
<liiiriieitfrs parallel to tlimn is constant. 

2ft. A conicoid whose cemtre la J) touches the three planes 
ZOA\ XO V in d, //, f7 respectively; shew that the lines 
tliroiigli /I, //, C parallel respectively to OX, OF, OX, and the 
lino 01) are four gc?neratori of an hyperboloid of one sheet. 

29. Tlirite |ierpeii(licular tangent planes are drawn, one to 
meli of tlirecf eonfoeal eontcoids : sliow that the tiormals at the 
|riifils of mutimi of the planes, iiiid the line joining tlieir point 
of liit#;*rii«fcion to the centre of the conicoids are generators of an 
tiyperlMiloid of ciiiii slieot 

SO. If any line through a fixed point 0 meet any number of 

IeimI planes in the miints d, /i, C and on the line a point X 

fill 

to takfui iiicit that -t- 4- , 4 show that the locus 

of J" will lit a plant!. 


SL If any line through a iked point 0 meet any given snr- 
faeii in tint /I, JB^ C, .il..., and X b© taken such that 

dx uli ^ ^ 

plmiie. 


a n. CL 


4 


#■ 


A 
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32. Two straight lines drawn in iixed dircetitms tiirniigh any 
noint 0 meet a given surfiici! in tlw {»>iint« -1, /I, (’, Ji... iind 
* , (JA.Oli.OV.nl> .. . 

A', F, C, D'...-, shew that ^ w i-onstant. 


33. Prove that tho pKlal of m willi ri*giirt! I« iiiij 

oa its axis is a curve lying on a }jy|w*rl4:tl«iiil of (mu duml; ami 
that, if the pitch of the helix he ir, thii^ riirvis will mil, 
diculaiiy all tlie generators of mw nynUnu i#f ilm 

34. A curve is drawn on a sphere of miUm a etif iiiig nil tlir 
meridians at a corihhint angle; shew (i| lliiit the fool of ilw pof. 
pendicular from the cmitm of tln^ Hpherii llm mrnhlmu. idmtm 
is the centre of curvature; (2) that if cr Iw the niiiii of eiirva* 
ture and toimou cr;/ » a\ 


35. Prove that the sJiortc*it cUHtiuiri.^ of the tutigeiit# at Iwii 
points FQ of any curve is ultimately h'* » where p alul 

<r are the radii of curvature and toriiloii* 


36. Tangent planes to a eonicoicl lire flmwii itt fioliiti iliiiig m 
line of curvature : shew that the iM^riit'^ntlieiilitri fpitii ihii roiiimii 
on their planes lie on a <|«iMlrie cone, lliiit tliii «lifFer«‘iii eciiiea wi 
formed are confocal, and that the linen nf iho ■ooiiifi mm 
perpendicular to the cintiikr staitionii of tlio 

37. A curve is drawn inaking m aiiialiiiit aiiglo ^ with tliii 
axis of a paraboloid of revolution: prove (t| tlwfc iii 

on a plane perjieiKiicukr to the fixi»4 is ilm invuitilo of » «rriit 
of radius i^oota, (ii) that itn tmdil of ottrv»ti#r« #i iml to»tr#ii # 
are given by the tic|uatbni r* P 

where r is the dmkmm of um pint fniitt llitj and I m tii« 
semi-kius rectum of the feaomtliig jwimholA. 
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PEEFACE. 


The following work is intended as an introductory text- 
book on Solid Geometry and I have endeavoured to present 
the elementary parts of the subject in as simple a manner^ 
possible. Those who desire fuller information are referred to 
the more complete treatises of Dr Salmon and Dr Frost, to 
both of which I am largely indebted. 

I have discussed the different surfaces which can be 
represented by the general equation of the second degree at 
an earlier stage than is sometimes adopted. I think that 
this arrangement is for many reasons the most satisfactory, 
and I do not believe that beginners will find it difficult. 

The examples have been principally taken from recent 
XJniversity and College Examination papers; I have also 
included many interesting theorems of M. Chasles. 

I am indebted to several of my Mends, particularly to 
Mr S. L. Loney, B.A., and to Mr R H. Piggott, B.A, Scholars 
of Sidney Sussex College, for their kindness in looking over 
the proof sheets, and for valuable suggestions. 


SmOTY SVSSSIX OOLLEGE, 
April, 1884. 


CHARLES SMITH. 
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